
UEIR open , F : U + IR3 a smooth rector field

F(x ,z ,z) = (f ,
(x)

,
fu(x) ,
fy(x)

where X = (x ,y ,
z)

The divergence is-

divF =

+ +E

This is the natural extension
of the div

we saw previously.

symbilically ,
one can write

X = (Ex , 5
j ,
Ez) = (

,
P

,Pz)

and say

divF = X . F = C
,
f

,
+ Daf +Dafa

.

Isclar-valued E
,

= (1
,
0

, 0)

of F is (symbolically Ez = (0
,

1
,0)

The curl Eb = 10, 0
, 1)-

Er Es

curlF = XXF = E
,

De D3
Note: (rector-valued )
(x , y ,z)

I
Fi Ea Es I

= xE,
+ yEz+ zEy

= (Dufs-P3Ez ,-D .Fa +Daf
,
D

.Ez-Pef)

So col F is another rector field.



Ex F(x , y ,
z) = (sinxy ,

exz
,
2x + yzt)

(divF)(x,y ,z) = ycosxy + 0 + Yyz3
-

scalar-valued for
Came F)(x , y , z)

= I
El Er Es

IDi Dz Dy

Y

Isinxy
xz 2x+yz

I

Xz

= (z" - xe**, - 2
,

ze
- xcosxy)
um
rector field

thm in IR3
Divergence-

UEM3go
wou bundystone

closed
- d

Eclosed if
include

you
top face



Divergence Theorem :
-

UEIR3 region
whose bondary is a

Smooth surface S ·I defined on a

neighborhood of Hand 5 .
outward normal.

(F - dr = (SdivF
show this for a box :

[a, b
,J xfar ,

ba] [Gy ,ba]

i The front face S,a se prematized
X (y ,z) = (b, y , z)

a - y = bz

by = (0 ,
1

,07. = (00 , 1)
an z = b

>

up = (1
,

0
,0) -> can compute this from the

paraumatization or just stare
at

the picture .

I

If F = (f
, fr ,

fu)
,
then

by b2

(Fdr=SSf( , y , z dyd



The back face Sn can be parametrized

x (y ,
z) = (a,, y ,z) , xz = - (

,
0,0)

by 3

()Find=-fla ,zizdyd
33 be

so F . nde + ()Fnd =-fitdydz
b bu b,

= )(Dif ,Gyiz deleda

= (a, , dr

Pairing
off the other 4

sides will give

()]2fndV
= S) F -

de

side
faces

() Dafz = )) Finda
U top +

bottom

faces



Adding together gives

()) (D ,f + 2 Fz + Dafb) dV

U

= Feder .

So the time holds
for boxes.

Ex: F(x , y ,
z) = (x2

, y2 , z2)

S = unit cube = [0 , 13 x (0 ,
1) x [0 , 17

(F. do = j)) (2x + 2y+ 2z)dxdydz

=... = 3 .

The
surface integral would

require 6 separate integrals .

Ex : F(x ,y ,
z) = (x

, y , z) - S = sphere of radius a
-

B = solid ball
centered of 10,

0
, 0) .

dirF = 1 + 1 + 1 = 3
.

JSF.do = ( dirF du i
S

= 3()(dv = 3rd(B) ↓

= 4+a



The surface integral is pretty easy to
do directly.
F(x) = X .

2

For = X.= = 1x11 .

Since X lies on sphere ,
11 = a.

/F .ndr = Jade = a f)dr = a4ua

= Yna3
S

Gordlang :
Fix ~

pt.
4 . Let B(t) be the

-

solid ball of radius to centered at

P .

Let set) be the boundary of BC+)

(i . e . the sphere
of radius E) .

VCH) := volB(t)

(divF)(p) =e do

So again ,
div F(Pmeasures not inlout

flow in small regions
around P.



gene
The (general) :

U open
set whose boundary is

of surfaces
composed of a frite number

s = Es, . . . ,
Sm3
,

where each Si is
oriented away from

U.

Si

T

SzTU
Then

Fondr = ())divF NV

Ex: Suppose divF
= 0 and let I

be the

between two concentric spheres
region Si

s
,
and S2 T

in and droI
since Su is oriented
the opposite way you Y ↓
need for div. thus



=>F .
ndo = ()Find

two

This actually works for any

closed surfaces S
,,
S2 where

Sa is

contained in the interior
of 5,

Ex: (Gauss' Law -

p p
= (x11 =+y+zu

f(x , y ,
z) = constant

g

E = -gradf = &X
.

4+p

Check that divE
= 0.

The previous discussion
shows that we can

compute the electric flux through any

closed surface by deforming it to a sphere.

-Its
↑X .#= 2

Gauss' Law



Stokes'thu

not s be a
smooth surface in IR3

,

bounded

by a closedcurre C .

Assume the surface

isoriented and that a has
the corresponding

induced orientation ,

let of be a rec .
field.

Ther

() kulF( .
ndr = (End). M

--S-
S

idea: reduce it to Greens then C

by a change of variables/transformation
.

Note :
Greens the is actually a special

case of Stokes'
,
where I lies in the try place

& that = 10 ,
0

, 1) ,
which makes

Cal F) .

> = rot F = D.fn- Daf ,



Ex: F(x, y , z) = (z-y ,
x + z

,

- (x +y)

z = Y -x
=
-yz ,

02z = Y

c(t) = (2wst ,
Laint , 0

· c'(t) = ( - Isint ,
2c0st , 0

Oft = 2π

F . d (

= (0-Isint
,
Zcost

,

- Zostu2smt)

· )-Isint , Lost , 0) dt

= (4 sit + 4 cosht) dt = 4 dt

F .
d) = Ydz = 8x

E

I
El Ez Es

Iand F = Di Dr Dz = ( - 2
,

2 , 2)

1z -y
X+z - X- y

↓ (x ,y) = (x , y ,
Y -xi - yz) ,

xi+ y2aY

↓ (x ,y) =

x
y

= (2x , 2 y ,
1)

Court F) · N = - 4 x +Yy + 2

-



d (andFunda = Jame F . N dody
x2+y24

= ]](-4rcos + Urand +
2)reudo

E

= Ot .

t
Thm : (urlF(p)on

=Min
-

PF : similar to
2-dim case.

-

So curl is
a
measure

of rotation

circulation of F around P .

Ov




