
&peated Integrals

- defined on (a
,
bbx[c

,
&] .

Fix x
, wary y

to form the one variable

integral d

S
,

F(x
,y) dy.

As we move X
,
the value of the integral

changes. Hence this is a function of X that

we can integrate :
b d

S[Sf(x ,y)dy]dx , also written

Ifydydx
-m

"repeated integral"



E1 net Ex,y) = xhy · Compute the repeated

integrat of F on <1
,
23x2-3 ,

4].

2 4

Sigdyd
2

= [Exyz/dx = z(b -a) x d

= =xdx = == ) = z= (0 - 1)
=1

*orem (Fubini) : Let R
= 29 ,
b]x[c , d] ,

and let of be integrable on R . Suppose

saf(x,y) dy exists for each xe (a ,b). Then
db

Slf-dydx = (dxy
Thes

,
we can say in the above example that

()xzy = 1
R



Skys dy gives
theance of a

cross section

(
,

f(x ,y) dy·
and integrating this area function

varynge
gives a volume.

#supposeve
a regionhave

form

and# A= G(x,z) + 1r2 :
a = x = ba

g , (x)
= y = gz(x)

suppose f is ats on A

DefineF to be 0 on RIA.

Them for a fixed x
,
the integral

safe, yady can be written



&fredy-Sydy +grad
D

① and ③ are O since f is 0 outside

the region
A

. So we have

#[d] de

This is very
useful for computing

double integrals.

Example : f(x ,y) = x =y2

A = Glu ,ye?
x2 = y = 4

-on
0

lif = j +yady
=! (y + 23)/x
I

= ((x3 + = -

x"- )dx



-
As , Az only overlap on the boundary , then

IDF : F + S ,
which gives us a waya

to apply the above ideas to more complicated

regions.

Ex: f(x,z) = Exy -

A = region
bounded by y = 0 , y = x ,

x+y
= 2.

# Side
G

= jxydx
A = jx3dx = 4 .

[Sfydy
2

= Yxyzdx = x(x=



So (Sf=+
We can

also evaluate this integral in

the dudy order.

A = G(x ,y)EIR2 :JEXE
12-y

so SSf = SSzxyddy -

o y

#Toethat Area (A) = (C1dydx = Eddy
Exi Find the area of the region

between

y
= x and

y
=

x2
1X

Area : (dydx =- *
= - ) = = -= = t

E:And the integral of flxy) = xiy" over the region

bounded by y =
/
, y

= z
,
X= 0 ,

X = Y

2 Y

# S/x-y-dxdy = E
o

I



Ex: Sketch the region

A= G(x , y)tIR2 : FYI,

#-2
EA = y) EIR2 :

(y13(x) 3
and-2 = X = 0

Since X 10 On

A
,
(x) = - X , so

(y1 =(x/E) 1y13 -XF ES X = - 1y)



PolarCoordinatesa m (x ,y) x = rcoso

y = Using
.

↓i r =-x2 +yz

Ex: End the polar wards
of (1 , 55).

r = F = 2

1 = 2 cos O

EE =Isin &

=> Susan
=> 0 = E

,

so (r,0) = ( , ) ·

* (r ,d) = (r , 0 +2)
for any K .

Ex : In polar coordinates ,
the disk of radius

-

i centered at the origin is

00= 2T

0 = r - 3



r transformationa

A y
= rsinD A

-·
So in the /r

,
0) plane , the region

is

a rectangle

Ex graph resino
for Co, ).

# &-
r=sino => r" = rsino =>

x+y2 = y

=> x*+ ya - y = 0
=> x+ (y-z)2 - t = 0

-x + (y -z)= t



Consider partitions

a=0,02 ...
On = b

c = r,
=r ... im = d

.

each pair [Oi ,Pit , ] , Cry , rjx]
determines a

sectorial piece.

#
The area of a sector/wedge with angle o

and radius r is

-2π
so Area (sij) = -Dili)2

= (Oi+-0:)(j-



writing tri =j , we have

Ara (Sij) = j(rj+ - Vj)(ti -Oi) ·

IfI is a function on the very plane ,
the

corresponding function of Ir ,O) is

f
*(r ,a) = f(rcoso , using)

Ex : f(x ,y) = 2x y
= f*(v,0) = 2r"coporsing

= ercisesino .

so for a sector S : acteb
,
cred in

the plane ,
we can form the Riemann sum

n- 1

m-
1

& f
*( , O: ((+1

- vj)(0 :+1 -0:)
.

j= 1i
= 1

If we let so be the corresponding
rectangle in the O-r plane,
it is now recombleclaim

·dydx = (f+(,and do
S

=wordo




