
YeeforSpace

The model example of a rector space is 112

· Clef : A referspace over IR is a set V

-

with an
addition (H) operation and

scaling operation st. addition :

· ut = r +u for all u
,
veV

a ,
b EIR- ·· Intuiti = n+N+w) and

Cabin = a (bu) for all u
,
v

,
wzu

ivew

· There exists OEV st.

v+ O = v for all veV.

· freU ,
there is

wer st.

v+ w = 0 .

· 1v = v
rev .

· a Cu+) = an + av a
,
beR

nveV.
(a + b v = av : bu

Elements of V are called refers or pents.

Can replace IR w/ K (or any field



We immediately see 112h is a
rector

space over IR2
.

If S is a set
,
then IRS devotes the set

of functions from S to R .

This a v . s .

over IR.

Amector space
has a unique

additive identity.

PE: If 0 ,
0' are additive identifies,

Then

0 =
0 + 0 = 0 + 0 = 0 .

additive inverse

Every
element has a unique

additive inverses of
W

,
w are

PF : suppose
~ Then w = Woo = we ( +wil

= (w +w) + w = 0 +w = w!

we demode the additive inverse of r by -v.

w-v is defined as n + (v).

Ov = 0 w +w = w

PE: ou = (0 + d)v = ov + ov
=> w = 0

=> On = Or On

=> Ov = 0
.



a0 = 0 for any
a ep.

Pf: a0 = a(0 + 0) = a0 + a0 = a0 = 0 .

(-Dv =
-V EveV.

If v+ (1) v = 1v + (1)v = (1 + ( 1))v = ov = 0 .

So (-1)v is the additive inverse of v.

A subset UEV is a subspace of
V if it

Def : the same
- with

B also a
rector space

tions and the same

addition and scaling oper
additive identity.

of V if and

Prop : A subset U is a subspace
-

only if
D oU

2) u
,
well => wel .

3) aEIR and well => all e U .

will satisfy these
If certainly a subspace

conditions .

Now suppose a subset U &
V satisfies

the above conditions. Associativity , commutativity,

additive identity ,
multiplicative ident ,

distributive

properties are
all automatically satisfied.

For any
nel

,
(1)4el by (3) .

But (Du = -u,

so additive inverse property holds -
condition (2)

ensures addition is well-defined . Similarly (3)
ensures scalar mult is well-defined. #



Span and Linear Independence
-

Def: A linear combination of a list v
, ...,ru

of rectors in

V is a reafor of the form

a
,
v

, + ... + amVm

where each aiEIR .

Ex : Let V = IR3
,

v
=

= (2 ,
1 - 3)

,
Vz= (1 ,

-2 , 4) ·

-

(1 ,
- 4 , 2) =

br
,

+ 5V2
,

so

(K ,
-4

, 2) is a linear combination of w
,
and va

(1
,
-4

, 5) is not
. Why?

↑
17 = 29 ,

+ 92
has no solutions.

- y = a
,

-292

5 =-39
, + 49-

The set of all linear
combinations of v

, ...,van

is called the pan
of v

, ...,
vm :

span/v, ...,
vm) = Gav, +... + amim : a

, ..., amEIRY

Ex in previous example
(17, - 4 ,2) -> Span (v ,v2)

(17
,
- 4

, 5) Span (V,v2)



V
, ,

. . .,
Um

Prop :
The span

of a list of restors" in W is

-

the small st subspace containing
all rectors in

the list.

"smallest" means

subspace

( containing -
...,ve

Thatany
ora

certain &
Span(v , , ...,vm)

E Ofspani ,
--

,
vm) . Why?

spar(v, ...,
Vm) is closed under addition

.Why?

Also closed under scalar multiplication . Why?

Thus the spar
is a subspace.

Any other subspace containing v, ...,Ven

must also contain spani , ...,vul (why? ) ,

so space , ...,um) is indeed the smallest

subspace containing each my--- ,Vm . A

Befv, ...,
um pans V

if

v = Span (v, , ...,Vm) .

I what is a spanning st/list for
IR" ?



Def - A rector space is finedimensional if it is

-

the spac
of a /finite) list of rectors.

Wear independence : v
, , ...,

vmEV . Vespan (V).
-

By definition ,
there exist a

, .... am EIR s.
t.

v= a
,
v, + - + amVm

One natural question is whether this choice

is unique .

If<
, ...,
CntR me

scalars that

also satisfy
v = < ,

V
, + - -

+ CmVm
,
then

0 = (a ,
- <

,)v +... + (am- (m)Vm
. (1)

This exhibits O as a lin. comb of

v, .... vm . Certainly ,

0 = Ov+ ... + OVm ·

If this is the only way to
write O

,
then

egu (1) implies a = c
, 92 =

,
- . .

,
am = <

ma

meaning there is a unique way to write v .

Def A list v,,...,m in V is called linearly independent
if a ,

v
,
+... + GmVm

= 0 implies as = 92 = - - = am
= 0.

(ie .
a , =

... = an=0 is the only way to make

a
,
v

, + .. + am Vm = 0 )



E: (1 ,
0 ,0 ,

10 ,
1
,
0)

,
10 ,

0
, 1) me brearly indp.

why?

Def v
, ...,
m are linearly dependent

if they
-

und not linearly independent.

Ex = (2 , 3 ,
1)

,
11

,
-1,2)

,
1

,
3

, 5) are linearly dependent
Since

-

~ (5) + () + ((j) = ( %)

zemma: suppose
v

.. ...,
Um is a linearly dependent list

-

in V . Then for some
ke 51 ,

1, ...,m3,

YeE Span (v, . . .,
V2-1)

.

monover
,
ifie is removed from the list ,

the

span of the remaining
list equals Span(v, --., m)

we have some a
, ...,

am not all zeas s .
f.

Pf:
-

a ,
v

, + -. -
+ GmVm= 0

.

↳ be the largest index sit. ale #0 ·

Then

~
i
= -

...

-
- ,
I

so UK E Span (v, ...,
Vk+ )

Thus if v = C
,
V

1 + -- + Crvm
,

we can replace
Vie with RHS of (1)

, so that removing in
from

v
, ...,Vm doesn't change the spac . At



For technical reasons, we declare the span of

a empty list to be 503
.

This is to handle the

case where K= 1 in the above lemma.

Proposition : In a
Fid . r . s

,
the length of every lin.

indp list is < the length of every spanning
list.

If not u
, . . ..,

Um be linearly indp, Let
w
, ...,

We

be a spanning
list. (goal : men)

.

The idea is to swap
out wis for us me at

and to show that we can
do this as

a
time

,

long as we still have us left
, allowing

us to

wis
conclude there are at least as many

as there are us.

steel: Let B-Sw, . . .,
w

-3.

Since u
, can

be witth as a
linea

combination of the wis by assumption ,

u.,
W

., ...,
We

S enearly dependent .

"
, to by linen independence ,

which ensures no can remove one of the w's without

changing the spac .

6 we're rumored a w and added

a U.

Now insert me after he
in this new list :

u,un
, reading

wis

One again ,
this list is him . dependent , and or

of the rectors is a lin. combination
of the ones before it.

It can't be u or u
, so

it must be one
of the wis

Riscard this rector ... It



lin indp
E no let of ligh is lin. idp in I?

E ,
E2

,
Es is a spanning list .

Thus any
him

S

hdp list must have length
3.

less
ar

Ex: No list of length 3 Spans /14.

El ,
E2

, Es ,
En is his idp ,

so any spanning
list needs at least 4 rectors.

Pop Every subspace
of a flus

,

is Ed.

If see Axler
,

ideas are similar. A

Bases

Defi A basis of V is a linearly indp set
-

that spans
V.

Ex e
,

= (1 ,
0

,
-

,
0)

e2 = So ,
1, ...,

07 is a
basis Pr IR".

i

en = 10 ,
0 , ..., 1)

b) (1 ,2) , (3 ,
5) is a basis for IR2

c) (1 ,2 , -4) , (-5, 6) is linearly indp .

in 1R3
,
but not

a basis . Why?



9) (12)
,
13

,
5)

,
(4

, 13) · SpansIRh ,
not a

basis
.

2) The list (1
,

1
,
5)

,
10, 0

,
17 is a basis for

& (x, x, y) · X
,y+IR]

.

-
P

why is thisarectorspase see this

= (1 ,
/
,
0)
,
(1
,

0
,
-17 is a basis of

& (x , y , z) +123 = x+ y + z = 03

g) 1
,

4
,
x2
, ...,

xm is a
basis of DM(IR) .

EX: In 1R2 ,
free one many possible

bases

p,
57

,
(4 , 9) or

11
,
27 ,

13 ,
5).

really , any
two rectors

that are
not collimar.

~
~#



of rectors in V is

Propo A list v
, ...,

Ve
-

a basis of V if and only if every

Ver has exactly one representation
of the

farm
v = a,

v , t... + anty ,

9 : EIR .

It suppose
v
, ...,
in is a

basis .

Let ver

Then for some aie IR

v = a
,
V

, + ...
+ anVn

If we also have

v= c
,

V
,

+ -. . + GVn,

0 = (a ,
-

4
,)v ,

+ - - - + (an-()vm

=> ai =Citi Since
v
, ...,
in hin indp.

So every
restor has exactlymne representation

as a lin comb .

of v
,

. . .,
In

Now suppose everyvew
has a unique

rep
-

not v
, ...,
In

.
Then V

, ...,kn
of course

spans
V

.
Also,

O = Ov, t... + Ove
S

and by assumption ,
this is the only rep

Hence v
, , ...,
in are in indp , so we

have

a basis. A



Ex: In ir ,
11 ,
2), , (4 ,2)

,) is a

-

spanning
list , but not

a
basis

.

If we

remove reators 2 ad 4 ,
though ,

we obtain

a basis.

list can be
reduced

IProp : Every spanning
to a

basis
.

It "mark and sweep

start with spanning list
v

, , ...,
in

removal .

Ep1 : If v
,
= o

,
mark it for

S

Stepk : If Vie Expantry ...,
-1)

,

mark Vie

-

for deletion .

⑫ in ...
.

now delete the marked
reators.

The resulting list
still spans

U
.

of the previous ones
,

Also
,

no rector is in the spac

so the list is lin indp
.
I

Cor Every
flus has a

basis.



c fars

Pap: Every linearly independent
set incom

be extended to a
basis.

Proof :
Laf u
, ...,

Um be liv inde
-

By assumption ,
I has some spanning list

w, ...,
Wr. Apply the reduction process

to

u
, ...,

Um ,
W
, ...,
Wr

Nowis will be deletedsince
no ui is

of the ones before it. If
in the spac

Ex IR3 (2 ,
3 , 4) , 19 ,

6
,
8)

(1
,

0
,
0)

,

(0 ,
1
, 07 ,

10 ,
0
, 1)

(2, 3 . 4)
,
19

,
6
,
8), 10 ,

1
,0i)

bums of subspaces
-

It v , , . . .,
Vo be subspaces

of V. . The sum

of V,
, ...,
Vi is

+... + Um = Eu +... +m : veV, ..., "meVmY



E: R3

n = G(x, 0
,%) : xe3 ,

W = Slay,
0 : yeRY

then U+W = [(x,y , 0 : X,yeIR

.

I --w
Rep V
, ...,

Um subspaces of V.

V
,
+... +Um is the

smallest subspace

containing each
of V, , ...,

Vm

Def V ,
+... Vm is a

direct sum if each
-

veV ,
+ ... +Vi can be written

in only one

way as v = v
,
+...m

,
VieeVe

In this case
,

we write

V
,0 ..① Um .



Ex: u = ((x , y , 0) EIR : x
,yeR3

w = <(0,
0

, z) <R" : zeR ?

Then IR3 = UOW .

Pf : CertainlyIR3 = H+ W.

-
u,,

42 U
Now if U

,
+W = 12+We

(x1, y1,
z

. ) = (x2 , yz , =2)F=> x1 = X2
,y ,

= Yz ,
z

,
= 22 wi = (0,

0
, z , )

=> U
,

= 42 and W:
=W2

. 17 We = (0 ,
0

, z2)-

EX: a sum that is not direct

v= = G(x, y , 0) : x
, y + IR3

V
=

= [10 ,
0
,
2) : zeIR?

Vz = ((0, y , y) : yeIR3

Again ,
IR3 = v

,
+ vz + Vs

,

but 10 ,
0

,
07 = (0,

1
,
07 + 10 ,

0
,
1) + (0,

-1
,
-1)

10,
0

, 0) = 10, 0
,%) + (a0,0 + (0,

0
,%) .



: V = v
,
0 . -. Vm if and only if

the only way to write O is by taking
O for each UK in

0 = v
,

+ vz + -
+ Vm

.

E.... I

Prop U
,
W subspaces of

V. Ther

utw direct
UnW = 503

If () vennw .

0 = r + (v) en+ w.

But UOW
,

so v = -r = 0
.

So knw = 503 ·

(E) Suppose Unw
= 503·

neU
O = u + w

(
we W.

-u = w = wel .

Y

So we UnW = 503 .

So w=o,

and in turn U = 0 . It



Pop v = fdrs
,
1 subspace .

Then there is

a subspace
w of V Sit

v =
nOW .

um of U

Idea: extend basis
U

, .
..,

-

to basis u
, ...,

Um ,
W
, . . .

,
We of V.

set we spanlw,...,
W.) ·
I

Dimensich
-

bases
of a flus have the

Pop: Any two
same length.

bases.

If: Let B ,
and Be be

length (B , ) = Length (BC)(
lin spanning

list
indp
list

legte (B2) length (1 .)
lin spanningo D
inde -

list



Ex: dim R = n

dim Pm(12) = m+ 1.

of V = Fers
,
then

Pap if U is a subspace

dimU
dim V .

Pf :...
It

Rop :
V = fels . Everyhin indp list of

-

enyth dimV
is -

basis of
V

&

If dinver .
Let v

,
...,
in be lin help

be extended to a
basis. But

Un car
V
, ...,

basis has length n
,
so that the extension

any
is to add nothing .

So v
, , ...,
in is a

basis
. 1

If dimul = dimV,
B:

Vi fos
,
I subspace.

fuen u =V.

Pf : het z=
die H =

dimV .

Let u
, ...,

Un

-

be a
bash for U.

From prev prop,

U
., . . .,

Un is also a
basis for so it

S

spans v , meaning u
=V.



E (5 ,7) , (4,3) ER? This is a lin. inde list

since neither is a scalar mult. of the other.

dimIR" = 2
,
so we know this list is a basis.

We do not need to bother checking
the span is IR?

Ex: net V = P. (IR)
.

u = [pep (M) : +(5) =03

Find a besis for U .

Note 1
,
(x-5)2

,

and N-E)"lie in U.

Suppose a + b(x - 5)2 + c(x- 5)" = 0 AxelR.

We see x3 is the cubic term
on
LHS.

=> c= 0 .

side note : This in turn implies the

:(inixign 22 term is bx?

k= 0 => b = 0
.

Why?
=> a = 0

.

So dim U 33.



So 3 dim UI dim P
,
(R) = 4

.

x#U .

So h is not all of Jp
(IR)
,

meaning
din H #4. .

> dim U = 3.

Conclude 1
,
-5) 2

,
(x-513 is a basis of M.

p = no + a
,
x + a2x2 + anx

p(x) = a
,

+ 2a2x + 3934

& (5) = a
, + 1092 + 759 = 0S P

I

3

2

+S90 + (-1092 -7593)x + anx + ag

Go + 92(18x + x2) + 92(75xx3)

Pop- Viflvs .

If a spanning lit
has length

-

it is a basis of V.

dimV ,
then

Prof :
A spanning list

be reduced to a
basis. But the remaining

can

list must have length dimr .
It



R dim (V+V2) = dim V , + dimVz

- dim (v , 1Vz).


