
Green's therem
-

F(x ,y) = (p(x ,y) , g( ,y) (assume functions

JE = TECH) .Cdt = (paydx + gax ,zidy

abbr
.
as SF = Spdx + goy

reasonablmotation since F(c(t)) .CCAdt
= p +g

(Green's theorem) let (pig) be a rector

Thi
on
A

.

Let A be the interior of a closed

path Coriented
CW . Then

Spd + goy = //dydx .

I
Proving it in full generality

is difficult , but we

can show it for certain types of regions.



Suppose A is a rectangular region [a ,b) x < c, d].
C2

① =
-

= p(x ,/Ed Sp(xd)-px) ↓
C = (( ,( ,( ,4)

=
-Spdx-Sad

on vertical segments , dx = 0 = pdx = o

so (dydx = (pdx Spdx

d b &

① (d) dy
= ((gy) -g)

= (g1 + 184y = S
,
9%

① + = () (-)dydv = Jpdx + gdy . I

A

we can then approximate regions by rectangles.



that on two adjacent

rectangles, cancellations
occur ,

and you're left
with# the boundary.

⑰

E: F(x ,y) = (y3x , zy *x)
C : 4x2 + yz = 4

= 1= ⑭
Spdx + gdy = ()-2 dydx = -2

.
A(A)

=
- 2 . - 1 .2

=
-
4π-



EX2: F = (3xy , (2)

Spdx + gdy #
Spdx + ydy = (((- diy
= "(2x - 3x) dydx = 3, + dyx
= Y

,

-2xdx = -x() = - 9 + 1 = - 8.

this is much better than parametricing
the

boundary

Green's thm , general version :
Let A be a region in

-
the place whose boundary

consists of a frite # of

curves
,
each me oriented st . A lies to the

left
.

Ther

Spdx+ gdy =-) dydx

⑮



ExLetA betheregionbetween
two can it is

=>

-

⑮
Applying Greens theorem

here would require

ustoreverseS,
so the integrai ne is

pdx + gy +(pdxgdy =(

Sid + yoy-Spdx + gdy

If ,

the we
have

Spla + goy = Spdx + gdy
2

If F is conservative , we always
have Dap = D

.g.

But we can have D2p : D ,g
for a nonconservative
rector field.



·SE =V

Note: Green's thm doesit immediately apply
since the interior of C contains a pet . for

which G is undefined .

Introduce C ,
a circle

centered at 0.

⑪ S &Then G = G

y
um

we know

this guy .
= 2π

Note : IfW does not enclose the origin ,
then

16 = 0 . Why?



2) Divergence and Rotation

F = (p , g) reator
field pig : HER-IR

The divergence of F is

divF = D, p + Dig
=E

The rotation of F is

rot F = D.g
-Dup=y

Note that rotF is exactly the quantity appearing
in Green's theorem .

It may help in the following
discussion to

imagine that F is describing a fluid flow

in a region.

Green's theorem states
b

Grot F dydx = (F(C) :CHd
a

where A is the region
inside Coriented CCW.



Now
,

11 ('Cill = Gi , the speed.
Here s(t) is the distance

traveled.

Let is be a unit rector in the targential
C

direction of C of time to ↑
b

Then

c'(t) = u(t) 8e

( rot F dydx = (Fo (H)↳ the more aligned
I is with the velocity,
the more this integral
is picking up.

Th2 . 1 Let Dr be the disk of radius r

at a point D . LetCo
be the boundary of Dr.

Let F be a rector field defined

on the closed disk .
Let Altr2-

Ther

CrotF)(p) = in



Profi Fix X = (x ,y) in the disk
.

rot F(x) = rot F(p) + h(X)

where line (x) = 0 (this can
bedoe

by continuity)
.

Fonds=Fly
= Fir)(F(P) dydx hyde
z
constant

=

rot F(p) + Firch(x ,y) dydy

Itrewdyd /dydy

- /ydy
~

= maxity dydx = maxthly,a
↓
O

as r-> 0 . It



For is the component of I in the

tangential direction. -

·
F %-↑
---- ↑u -

For

ThusmeawtF(Rgivesa guantitativeefield
circulates around a given point

.

((+)= (x() , y(t))ac t = b
(,) = c'(+)

· >
F) = N - right

normal rector-

Ex : C(O) = (coso , sind)
-

NCO) = Cruso ,
sind The position

rector for a

(v() parametrized

ca
,
sin circle is always

normal to the

circle itself.



We can now look at F(CCH) · N(t)

rather from F(CCH)) · C'St)

Thm : A-region , interior
of a closed w

-

curve C .
F rector field on A. . Then

(J(div F(dydx = (F(((+) -N(t)d+
C

PE: your
two

c() = (,) , so speed
-

IINCHll = 11 ('Ct)ll = v(t)

dist traveled st = Suctdt ,
so G = v(t)

NCH
(t) =

TTNCHIl :

N() = IINHlln(t)=
C

a ((divF dydx = (Fonds



Im: (ivF)(P) = lin Fos
Pf : Similar
-

Font is the component off normal

to the curve .

Thus the integral
on the right side above

is measuring
some kind of outward/inward flow.


