
Surface Parametrizations
-

A curve can be described by an algebraic

equation such as

x2 + y z = 1
,

or it can be given parametrically
e . g. (cost , sint)

Oste 2.

A parametrication (H)
: <,b) +

IR can be

thought of as a way
of "sewing the

interval <a
,
by into the fabric that is IR2

We can more this idea one
dimension up

.

REIR2 , X :R-IR3

X(t ,u) = (x, (t , m) , xi(t ,
u)
,
x3(t

,u))

Xi : R-> IR

I rval
-

Now we're sewing a "street" into the
fabric

of space



#-#
Ex: X (t ,n) = ) psintcosu , pointsinn,

post)

Ped o t = π

0 = u2π -

.
Ex : torns
-

x= (a + bcsY) cost
Ye[0 ,2π]

y= (a +bcst)sino De [0,2π]

z = bsing .

I⑳



A(0) =Cacoso, asine, o
* (0) = (woso , sind)

1&

---F-Y Break green
verfor B into

component alongj
A(0) and the vertical

- component.
- -

B = brosy (wso , Sinc , 0)
A(0)

Breat = bsint 10 , 0 , 1)

A(0) + Baca) + Breat

= (acoso +baby cost , asino
+ basysint,

bsin4)



Let R be a region in IR2 and X(t ,n) a

parametrized surface.

The curves (Ct) = X(t ,n) and

C(u) = X (t
, n) are then curves

sitting inside the surface x(to
,
no

#I
-

A
,
=

o
, not 1

Az: ulsto
, no

A
,
and As are targent reators to the

surface.

/



The target place
of the surface at

this point x(to ,
no) is the place

through X(to , no)
that is parallel to

both A
,
and An

Equivalently , it is the place through
↓ Ho

,
nol normal to A

,
xAz

normal to- the surface
at

each (t , u)

The order in which
we take the cross

modnet flips the normal
rector.

S

cloud viertable surface, me
For a -

of these points inward, the other
outward. --
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% Mibius

band
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EX: X (4 ,0)
= (psinY cost, pointsing,

prosy)

(NCe ,a) = psinyX(4,0)

(((N(4,0711 = pasint)
n = +x(4, 0)

Surface Area
area of parallelogram

-AxBl = ABI sin

↳



For small changes At
, yu

in t
,
u

U

#S
Y

the are x (l) approxiesis

=) r = (lle



Random Aside : computing Joe
*dy

①

#
- Yeezde] d
=(d)

= (Se*x
From tw ,

0 ->i as R- 0.

⑫ex



EX: X (,0) : (PsinYcost, printsing ,
prost

= (prosProso, prostino, - psin4)

= (-posting , prost coso , 0)

Ex 2
post cust pristing

-psinY
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-parsysing peosyst 8
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= psinY

tre- sint de do

= do = p2 . 2 do=



A noteworthy special case
:

Let z : flx ,y) be a surface.

The we have the natural parametrization
X(x - y) = (x , y ,

f(x ,y)

2= (0,) ·
E (0 ,1)

=(,j , 1)

Ill=N

surface area:) dA



Ex. End the area of the paraboloid

-radius e-- x + ye we

zeAra :()
-do
=... = BT3 .



integral of a function over a surfer

da = /d+du

differential surface area

1)dr = S4(x(t,)Id

E: Let S be the surface defined by

z= xi+y ,
0(x + 1

, =y = /

Find SSxda
X(x ,y) = (x , y , x2 +y)

do=rTux + 1 =+x dA
11

() x dxdy
E

- I I
T

= (
,

)
,

x(2+ 4x2)12dxdy

= 2(0 x (2+ ux2)"- dy
= 2 . =(2+4x2)2I
= t(z + y x2)

* ) = 5 (b32 - 23)

One can think of 4 as
the density (48m2)

at a given point of the surface.



Integral of a rector feld over a surface.

simple example
F-

solar paned / sor euges

ul area A density an

#
earth is

= 130 W/m

For a fixed time of day and a small

region on earth
,
the field associated

with the solar Feld is constant F.

The energy
the parel is absorbing (assuming

it's absorbing 100%) is then

(F-m) A = F - (An) (watts)

F parallel to Yields greatest power
output

Now the idea is
to vary

the field and

the direction of the surface :

() Fondr=Fd
where it is the outward" writ

normal

to surface atmny given point
.



by defin

(**)d+

Often called "the flux of F through
&"

-

E F(x
, y) = (x ,y , 0) , S

= (x2 +y + z = 223
~ / outward orientation

N(
,
0)= = asiny X (4 ,0)

Since Te Co,] ,
NCT

,
0) points in the

direction

of the position rector
XCe

,
03 (sing > 0)

X (4,02 = Casing coso ,
asintsing , acost)

D F(x(e
,
0)) = Casinycost , asintsing , 0

F (x (4,01) · N (2 , of

= Casint) (asin) =
absint

(F .do- sin4d7 do

00 T

= 2xa3) sin3y dy
= 2 a3 (-114 +EY) =2=3



Saint de = (11-cos24) sintdy( = Saint-Jcos24 sinS
=

- csY + Ecos (4)

Note: if your parametrication gives
want

,

the opposite N(t ,n) of the one you

you can just compute
the integral and flip

the sign at the end .


