
Triple Integrals
-

The ideas are largely the same as in the

two-variable case.

R= [a ., b ,3 x
[a2

,
b 2] x [a3 ,ba]

-↑ vol(R) = (b ,
- a .) (b2-92)(by- as)

.

IEt

Thm: Suppose
A is a region

described by

ax= b , g , (x)
= y

= gn(x) ,

and h
. (x ,y) = z = hz(x ,y) .

Let o be continuous on A . Then

hz(x ,y)

If



Ex : Consider the tetrahedronT with vertices
-

10, 0,07 , (0, 0, 1) ,
(0, 1,0) , (1, 0,0)

this as
a
solid

ini /

why?

-
0xz = 1

- X -y
3

T = G(x,y ,z) R : ozy
= 1-x 3

0 = X= 1

so if f is a function defied a
T

,

1 1x kx-y

= ())fdedydy

vol(+) = ())1dzdydx = t

EX: what region is
described by

Dexel
,
oxy,

ozzen ?

- -IF



Cylindrical coordinates-

G : Gos
X

point is specified by a radius
, angle , then height.

Z Z
B

G G(13 C
T
I-I- O -
0.0 Or

Y

s Er, -r= Tz Y

z
,
12 z2

The volume
of GLB) is

(z-z)(r)(0 -01)

= (z-z,)(z -
r
,)(0n - 0 , )



Thm : Let A be the region in (x ,y ,z)-space
-

whose cylindrical coordinates satisfy

acomb (and
b = a +2π)

o - g,
(b) = r= gz(0)

2
,
(0 ,r) = z = hn

(0 ,r)

Let f
*(0 , r , z) = f(rcoso , usino , z)

b 92(0) G2/0,r)
then

Si [f
+ (r

,
0
,
z)rdzdrdo .

(SF = S 10 e
,100

↓
this guy again

!

Ex: Find the mass of a solid bounded by

-#8 I
,
r= cost

,
zo,

and z= r

with density #+ (z , r ,0) = 3r.
y

sE

↓y

#
(x - z) + y

=

+



30 rodzdo. .

spherical words we can also specify a pt. in

- distance

3-space by two angles 0, and the

p to the origin
.

Z

.
*

P-y+ zu
usually

z= b costE Ot[o ,25]

pe[o,]

peIRyo

EX: The sphere of radius a
centered at

Co , 0 , 07 is

p = a .



The region
A= Sy ,2) AIR : x2+ y2+z = a23

corresponds in (p , 4,0) space
to the set At

defined by

EX: z= Sy

p =
a.

T
Ho

prost = psing IL
=> cost = sinY

=> y : Thy

So this core
in (p, + ,

0 space
is described

simply by y: /4.

what if we
wanted a

solid come ?

-
of - Ap

- circleius point #

T E↳ psint Do
-Pay

rols = psint spay
so



#212)didydx = () f
*

(p,)sindpl

⑫zlydx= readudo = prsintdadedo

"volume elementsin the

three coordinate systems

Exi Find the volume
of above the

Come 0z2 = x2+ yz and
inside the sphere

②x2 + yz+z = z .

# ·xi +y + (z - z)2 =+
② becomes p2 = prosy

=-p = cosY

① becomes Y : /y

is the set of pets
st.

The region
0=02

= Y= /4

o = p = cost



2 Tlycosy

d w
= )))psinyddee

= ) npcosy dudo
P = 0

2

=E /cosy sint dydo

- do
(i)=

- (t - 1) do = (2)(f)

= J .



Thm : Let A be the region
in IR3 whose

-

spherical coordinates satisfy
a = 0 = b

g , (8) = Y
= g = (0)E 2 , (0, 4) = p = hu(0 , 4)

where 8 :, 92 , h,he are smooth functions,

0 = b - a12π and 0 - g , (83
= gz(0)2π .

I

ThenConsidea




