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the determinant should have :

Imperties
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So D ought to be linear in each

argument (i. e . if we "free" all but
one

entry ,
the resulting map is linear

here
,
we're allowing for negative heights

is unchanged ;

,aw
&V

k

D(r, . . . , jdum, ...,m ,
...,

Mn)

= D(r , ,
.

. ., Vj, . . ., Vin ,

...,Mn)



~Antisymmetric
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V
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...,Vn)

interchanging entries flips sign

Follows from previous properties
:
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Vn)

= D(v ,,
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#madampera
i. e .

det I = 1.

-

The Ridloning properties
will uniquely

define the
determinant :

1) Linearity in each collecting

D (v, . . .,
Nu +Brin , ...,vn)

=

- D(v, ,
. .

.,
M, . . .,Vn)

+ BD/, , . .., Vi , ...,vn)

2) Antisymmetry
ju

D(r, ... ,V , . ..,
v, ....Val

= -D(v, . . ., Un)

3) DetI = 1.



Eton
3.

1 : A- square
matix

1 If A has zer col , then
defa = 0

2. If A has two equal cols ,
then def

a = 0

3 .

If me col is a multiple of another,
then def A = 0

4. If the cols are linearlydent,
live .

A not invertible) ,
then def A

= 0.

I: 1
. scaling a O cl by o changes

nothing about
A

.
But then det A = 0

by sealing property.

2. exchange the
two

identical cols

det A = - det A

=> defA = 0

3 . use 2. and linearity



Y . Suppose first
that

v=
D(v ,

, . ..,n) = D(,, -,
= TRD (v ,

v2
, . . .,vn) .

12=2

each term is 0
. Why?

General case : exchange vie to sit in V
..

A



#3 .
2 : Adding a linear comb. ofen cols

to a col doesn't change det . In

particular , the det is preamed by type 3 col op

(col replacements.

If Fix Uk
· Suppose

=
Ther by linearity

DCr
, ..., v+, ...,

vn)

= D , - -,V-,)+
notlon indp.



~agonal
and triangular motices

A:(ii) Def A isdiagonal if 9
,,1

= 0
when JF12.

diag(a, ...,
and devotes the matrix

det diag(a, ...,
and = a, defdiag (1 , an

, ..., an

=... = a
, az ... an

-square
Def A = Gar ,

is calledertriangle it

·

j , x
= 0 for all Ki .

lower triangular if Aj , k = 0
when Kaj

-

triangular if it is either
LT o UT.

#p If
A = (ii) is triangular ,

the

det A = a
,, 92

,2
...

an
,
n



If First suppose
there is aO a diagonal.

End the Erst O o diagonal .

***S (
K

add multiple of first col to k-te col

to clear first entry of k-th col .

Use and col to clear Indently of k-th col

↓

(x) = detA = 0

(col repl . preserves
def)

K

suppose no O's on diag .
Then same col

ops as above yield

(an0) = detA = ay , az ... a

I



-omptydefAgreatent
,

but will do this
later

· ideas do column reduction onA now red.

on AT) to obtenn ech .
Form, keep

track

of ops . Only scaling and col. swap change value
.

· If ech form of AT does not have pivot

in every
col

,
then A is nominentible ,

so

def A = 0. If A inv
,
then result is triangular,

c then det A = perduct of diag)(correction factor)

Thm 3 .4 def A = def AT
-

thm3 .
5 A

,
BeMuxn

dat (AB) = def (A) def (B)



hema: For a square
mat

.

A and elementary
E

,

def (AE) = (de+ A) (defE) .

#: AE corresponds to performing a col op.

if E is col exchange det E = -1.

if E iscol scaling by 6
,
then def E = -.

Going that
def F : 1)

if E is colrep) ,
then E is triangular with

all Is on diag => dat E = 1 . M

Repeated application of hummer gives

det (AE , ... En) = det A det E,
...
det En

O Any invertible
A is a product of elementary

matrices · why?

A is now· eg
to ?



ithu
,
htE =t

Note if A not iv
,
neither is AT

,
so the

holds

automatically. (runk A = rank AT).

So suppose
A inv.

A = E, ... En

AT= ENT ...
E

,

T

det A = det (E) ...

def (EN)

= det (E ,T) . -

det (ENT)
= def AT .

I

-thS.5 : First sygrise B
invertible

13 : E, Er --- EN

det (AB) = det (AE, ... En

= det (A) det (E ,) .
.

.

def (EN)

= det (A) det (13) .

If i notnv
,

then AB noniur also
&

otherwise AB = C-+ inv
,

so CAB = F

=> B left inv => Bin since B is square .

& then the is simply saying
0 = 0 . A



~Summary
of properties

det A is dined for quare
mentrices

det A = det AT

1 det is
linear in each now teach will

2. interchanging two vows (or cols) flips sign

3. A triangular = defa is product of diagontes
In particular ,

det F = 1 .

4. A has a 0 now (col) => ch+ t = 0

5. If A has two equal nows (or cols) , def A
= 0.

6
.

defA0 ) A invertible

3. now replacement (col repl) preserves
det.

8. det (AB) =(etA)(det B)

9 .
det (A) = &"detA.



Themal infinition of det

A = (a;,1) = 1 ,
cols v , , . . .

In

=) = net-ve. C
=

Using linearity
in 1st col :

D ,
. . .) = Dai, , ...

=D ,
i

,
...)

Do this for each col of A

D(, , - . .,)=-D

Big sum : nh terms

A lot of the terms are O
, though



if
any

2 indices among ji, ..., In coincide,

D(e, ..., (j) = 0 . Why?

The only possibly nonzers terms are those

for which ji , ja, ..., In are all different

In other words, si , j2, ..., je
is some

reordering of the numbers
1
, ..., n.

Def: A function fit-B
is one-to-one if
-

f(x,) + f(x2)
when x, + X2 .

i. e .
f(x)= f(x)
=>X,

= Xz .

Def isto
if

f(A) = B
.

i . e.

FbEB
,
there is some neA s.

t.

f(a) = b .

Def : A sermutation of 51
,
2

, ...,n3 is

- -

a one-to-one ,
into function + : 51, ...,

h3
-

->41 .. -, n3"bijection'

i.e .

a permutation is a way
of rearranging

N objects that are ordered in a live
T

La "shuffle



the set of permutations of E1 . ..., 23 is

denoted Perm(n).

ii)
Perm(a) has n ! elements. C

So

DCF, . . .,) = &arc,1911,2--arctn
&Perm(n)

Hier(, ...r (r)

Y
Ceasil

, ...,
Ev(ul) is

either + 1 or-1.

why ?

· this leads to the motion the sign of a

permutation
inversion in a permutation a is

Def: An-

↑ pair (i ,k) where jak
and r(j) W(R) .

34
-> N(r) = 3

(213(
inversions : (1 , 3) (2,

3) (2 , 4)
-

Let NSc) demote the #
of inversions



· Permutations can be broken intodes.

1 -> +(1)- U(oli)) -- v(r(2())

-..- eventually repeats

e . g.

w =(iii) -
1 + 3 -> 52-54Ja

r = (135)(24) Cyclestation

is a permutation that
-

A transposition
elements and leaves everything

exchanges two
else fixed. In cycle

motation,

- = (n ,
nz) eg. (ii)

= (13)

note : (135) = (13)(b 5)

(n , n2 ... w() = (n , n 2) (n2 M3)

-- (wi-, Mk)<
"feed in

number



· Any reperm(u) can be written

as w = +, +z ...To
,

where ti's

are transpositions.

this decomposition isn't unique

eg. (12) (12) (2)(12)
= id

the #m will always be even or odd
Claim:

-

i. 9 . o : T
, Tz ... Tr

=>/m and I even ]
v = t

,
+z ...t

OR 1 m and I odd/
transpositions

: r = T
, Tz... Th

we show that the parity of R is the same

as the parity of number of inversions N(r) ; either

both even or
both odd.

(25) = (23)(34)(4 + ((4 37(32)
im

adjacent transpositions
can always do this :

(i itd) = product of 2d-1 transpositions

do this to each to to get

v = t
,
tz ... +m

,

each t ; is adjacent



Obs : if I is a permutation ,
and t is

an adjacent tanap (ie.
t = (l l+ 11)

,

then

It has one more or one less inversion
-

-

Mav

· ,,
6

,

2
,

5

W = +, Tz ... Th = E
,
t -.. to

Note : m= [RRi + 1) = 1 +
even#)

"I m
and In have

same parity

Let a be the # of
inversion - increasing

tis. 3 # of
inversion-dear ti's

m = a+ b
=> m - N(r) = 2b

N(r) = a- b
=> m and N/C) have same parity

Thus K and N() have some parity ,
and

parity of 12 doesn't depend on the particular

decomposition.
N(r)

Def signt
= (-1)

Def D(r, , . ..,=) = & Gra
,
1981,2 ... +SinSign (2)

rPerm(r)



defined this way,
we have all the desired

properties ! D(V2 ,

Y,3)

1. If+ is a transposition = &W
,
19r

,29rp's40
&Perm(3)

W, Wz Wi

D(V+,+(....,() B =[
= & back

,, bes ,2
... bo(a)

,n sign(r)
-ePerm(n)

= Cau+(,, ... ++ (2), Sign (o)
we Perm(ul

= & arc, ,
...

a

rcaling enrrePerm(n)

Er : WePerm(n)3
-> show these two

sets

52+: rePerm(a)] are the same



1st wh
2

. Linearity in each col

D(v,
+ u

, vz
, ..., vn) (all (an, + um

=arcturus,]signe

=

Carci,9),--- Scul, n Sign

+ Cursi)90(2) ,2 - -- arcain Sign

= D(v, ,
. . . ,n) +D(u, va

,
. .

.,
va)

3
.

det1 = 1 ? I= (aij)i = 1

·
wil,

i
= 0 if wil

#i di
,j = 1 if i = j

ai, = 0 if if ;
&
+(1)

,
195(2)

,
2

... 9r(n),n

it even one((i)*i , the
while term is 0,

so only surviving term is identify

-- E-det 1 :I rid

= a
,,, an

,2
. -- Ann Signlid) = 1.



A E
, A

- -

= (i)m(
det E,

= - 1 -

(
2

S(i)
def Ez = / det Es = /

EgEzE ,
A

det (EgEzE ,A) = Y9

det (Es) det (Er) det (E) def (A) = 49

det (A)=(1)()
= - 49.



~nector Expansion

A = (aii)iii, net Agre be the (n-1) x-1
j

matrix obtained by crossing
out the j-th now

and k-th col

them 5. 1 (rofector expansion
-

expand detA= (1
*deta) ,

i fixed

by
now

similarly ,

expand det A= (-idet (A), fixed

by
col

E = now op
matrix that

doesn't

Aside: Suppose

change first now,

orn first now



Ex:

det(i)
+ 116 -y) =

- 1(3 + 30)
+ 1(-16)

==49
.



Defi The numbers

Pik = (-1)
it let Ai , K

are calledefectors

Rmk : cofactor expansion
is O(n !)

-

Row reduction
is 0(n3)

The matrix C
= (Sir)ii, is alled the tor

trixma
-

Let A inv
,
C its cofactor

matric

Thm 5.2

-

A=etCT



Rank : defit can
be thoughta

see

-

measure

Area
=
A#↓

Area

= IdetAl

The sign
of defit is a

measure
of whether

orientation is preserved
.

* (H) = (t) = kost) + bint

Ax(H = A (E) = A(opt) + A(inz)
=

cust A + sint AE

i



det Aso
= Cen gre to

cur

detAc => CW goes
to Cu


