
Eigenalnes , eigenvectors
-

Let A :V-sV linear.

A scalar I is called an eigenvale if-

there is some 0 s.
t.

Au = X

↓ is called an -genvector.
= "self"

Av =1) A8 = If "eigen
or "own"

() (A -XI)v = 0 .

Lef:
Ker (A-XI) is called theeigenspace

keignal .

corresponding to i.

The set of all eigenvalues of A is

frum of A,
called the spec-

devotedr (A).



*
what rectors are sent to a multiple of

themselves? Avix-
eigenvecters

and O are

are ones sit.AY,
collinear.
-

= (i) in an eigenvecterWeigencea
2 = (i) is an agennector



Findingeigenvals
X is an eignal if and my

if

Per (A-XI) is nontrivial (i . e.

(A-XI)E = t has a noneu soliz (

A-XI has
nontricial

Since A is square,

kernel if and only if A-XI is not invertible.

Es det (A-XF) = 0.

oneigual<= det (A-x1) = 0

If A = non
,
then det (A-XI)

is a polynomial of degree n in the verial

X
,
called the haracteristicpolynomial

- A = (iv)
A -xi = (2)
det (A -XI) = x2 -1

x2 - 1 =0()X = +1mX = - 1
.



So we can find the spectrum of a
matrix.

what about a general linear map T:V-sV ?

Take an arbitrary basis B,
and compute the matrix

[T]Bas
,
and fund its eigenvales.

Does this depend on the choice of
B? No !

Def: Tworatrices A and B are
similar
-

-

if A = SBSt for some
invertible matrix S .

Note :
det (A) = def (s) def

(b) det(s)

= det (B) ,
since

det (s-)=e+ (s)

A -xI = SB5- XSIS-

= s(is- - XI5)) = S(B -xi)s

=> det (A-11) = det (B-XI) .

=> similar matrices have the same

characteristic polys- same eig .

vals



T: V= V
.

A
,

B bases for V

Set = [EJAB [T]B [FbBA

[FJA =Ebt
* ITSAt and SFSAB are similar

Rule: eigenvales need not be in IR

ex. (ii) me( -
x)2 + 1

x2- 2x + 2

multiplicity If p is a polynomial , and
-

↓ is a not (i
v e . p(X) = 0)

,

then

p(z) = (a
-X)g(z) . g polynomial

If g(X) = 0
,
then I

has a factor of

(2-1) ;
< (7-1)2 divides p ,

and so on

The largest pus. int.
1 S .t .

(z-x)* divides

p is called the multiplicity of the
-

roof I.



If i is an eigenvalue ,
it is a not

of p(z) = def (A-X1) .
The multiplicity

of this root is called the ~multiplicity
of

the eig.

wal X .

-

Any plat of degree
n
has exactly

~ complex roots (counting
multiplicity).

p(z) = an(z -1 ,)(z -(2) ... (z -x)

Xie &Fi, some tils may be the same

Rmk : def A = 245, 9011 ,
2

- -. 95(), usign()
- utsight

S
O

↳
-
each term involves

selectingn
entries ,

one

from each col
,
can't

share rows



The eigenvals of a triangular matrix are

the diagonal entries :

mA -XI = S
An

,n - X

det (A -xI) = (a,1
- x)(92,2

-x) - -- (an, n
- x)

roofs are exactly ai
,i ,

i = , . . .,
n



Diagonalization
Is there a

basis B for-
T :V ->V .

which [T]
is diagonal ?

Not always

Suppose
A :V-V has a

basis consisting

of eigenvectors B = Eb, . . . ,
5
.3

A5
,

= X
,

5

,
,

. .. ,

Abu = 25.

b
,

b. -

be

(CA]Bu=
Conversely ,

if there is a basis for which

[A]asog is diagonal , then
those basis restors

are each eigennectors.



Th21:
Let AtMr.

Then A can
be written A = SDS" ,

D diagonal ,

Sinv,
if and only if there is a basis of

IF"consisting of eignrectors .

In this case
,
the diagonal entries of

Dare the eigenvals
and the cols of

are the corresponding eigenvectors.

A = SDS-l

Ifht D = diag&x , -..,
123

,
let

-

5.
, ...,

bu be the cols of S=inv

(in particular , this means
5
, ...,

Yon is a
basis).

A = SDS"= D = 5 AS
S = [F] standard

,
23

D = SAS = [F]B
,
sta [F],+ ,

2
= [A]B

This is to say the cols of S are eignnectors!

(E) follows from above . I



Diagonalizing is useful for computing powers

of maps/matrices

↑
= sast

The.2 : Let X, ...,
Ar be decinct eigenval

Let v
, , ...,

En be corresponding eigennee-

Then, ...,
vo are linearly independent.-

Aside on
Induction :

-

Suppose
SEN = 50 ,

1 ,
2, ... 3 Set.

DES
,

and suppose
meS implies not ES.

then
S = N.

PCn) :
statement molving

the number
n.

e.g. P(n)
= 0+ 1 +2 + ...

+ n =xx)



Let S = GREN : P(K) is true 3

If we show ,
OES,

then show

n + s = n+15 .
Then S = N

(i . e .

PCa) is true for all
neN) .

In our 4(0) : 0 =0 ,
so 0 2 .

example,

Suppose P(n)
is true for some n.

It ... + n
=( ) .

Then (1+... + nj+ n+ 1

- Ju+ n+ 1=

Wild,

So OfS
,
nesenHes =

S = N
.



#of2.
2 : If wil

,
then the statmentholds.

suppose the
theore statement is true for r-1 .

Let, ...,
Ir be distinct eigenvale with

, ...,Fr the corresponding eizennectors.

<V,
+ .. + Cr = 0(x)

Apply A-
to both sides

C (A -x rF)v ,
+ .. - + Gr- (A -x-) = 0

=>+ ...Gr],
#8

# 0

= C = . ..
= Cr = 0 .

so () becomes CV
= - = Cr = 0 since# #8 .

17

Collary :
If A :V-V hasi distinct eignals,

dimV
-

then it is diagonalizable.
PF : A would the

have n linearly elp
-

eigenvectors. An I list
of length dim

is a basie. A



~asabspaceDietsna vev
-

V if
We say

V
, , ...,Up is a basis of

-

every
FeU can be written unigely as

u = v +... +,V;
i = 1

, ...,p -

D V
, ...,up is linearly indp if
-

Y + ...
+

p
= 0

,
eachV

implies Vi
= t Vi = 1, . . ., P.

if eachW

Lef: V, ...,Up is spanning-

can
be expressed (not necessarily uniquely (

v =
v

,
+ -
+
p ,
VieVi

,
i = 1

, ...,p -



Rinke: The system of eigenspaces
Ele of A

ER := kr (A-X12I)

is lin indp
.

Bab: A system of subspaces
V
, ..., Up

is

a
basis if and only if it is generating and

lin indp .

Suppose
Y

, ...
In is a

basis for V.

split the
indices 1 ,

2, ...,
n
into p

subsets A
,

. . . , p
.

Let

Vin = span &V: je 1, 5 .

Then

V, ...,Up is a basis of subspaces for
V.

⑭
1

,
= 2131

=
= 52 ,
53 Ma = 53,

4
,
63



Prop : A system
of eigen spacesn

is findDeignals
- corresponding

Induction on # of eigenspaces :

E
, . .

.,
Er

,
Err

↑
,

In Yu+1

m
distinct

-
,
+ + - ..

+v+
= VieEi

Suppose
(A- (F)(v + ...

+
V

-
+F , ) = (A - 1-7)

(A -1) + .. .
+ (A -X-(fr + (A-xm) = o

(x ,
- (r+1), + - ..

+ (r-11))
T

if any it's are #G
,

then there is some

linear dependence among ii's

So each i must be 5.

=>
r +

= 0
.
A



Thm 2.6 Let V
,
, . . .,Up

be a
basis of

-

subspaces .

Let each Vie have
a
basic

B.. Then WBi is a basis fr V .

Lemma: Let V , , . . .,Up
be a liv idp

-
BK is

list of subspaces ,
and suppose-

a tin idp test of
rectors in Vin Per ench 12.

-

Then U.Br is a linielp listain
V.

of rectors-

If Let n
be the #

of rectors in UWF :B.

order the set
23 as follows : first list

all

rectors in US
,
then in B2, ...,

then
B

P

->

B is a list ofa
rectorsIndices into

sets, . . ., Mp so that

Br = [5j : je
N
,3

Suppose c,5, + .. .

+
(b= (1) .

wite Vie = Saj5j
jedi



Then (1) becomes

+ V + ...
+ Vp =0

.

V
, , ...,up lan indp as subspaces
= = 0

,
k = 1, ..., p .

i. e .
[45j=
jenk

Ebj : it 1,3 are liv melp as
rectors

=> c = 0 -j + Mr -

= ( =( = - - - = C = 0. A

Pfthen: only remains to show spanning

part . If V..-,
Up is a

basis of subspaces,

then each VEV can
be witter

~ = v
,
+ + ...

+up ,REVRk
= 1

, . . .,p -

Since Ebj : jedin3 is a basis
fake,

viz = Scri, fr some'sa

= v=5 . e



Criterior In diagmelizability-
D = diag (1, ...,

Mn) hasn eigenvals

(counting multiplicity).
so if A :V->V

is diagonalizabe (
it must

have v

eigenvales counting multiplicity)
.

thm 2.
8 : Suppor A

:V-V bear
has

-

n= dim V eigenvales (if F = C
,

this

assumption is redundant). Then A is

diagonalicable iff For each eigenvalue i
of lear (A-XI)

coincides with
the dimension

the multiplicity of i.

# (L)
If A

has a diagonal repr

[A]B ,
then each eigenvalue eas

a corresponding eigennector . eigenvale
e.g.

if diagonal contains
same

there
will be i in indp

& : times ,

associated to X.

eigenvectors

CATes["o ..]



Suppose
A:XI) = = 0

[A-F]e
,
dre

= (0x201
..)&Edimension ofmullspace is exactly multiplicity

of X.

(E) Let i , .., lp be disitahe
of A

,
Ex = Ker (A-dI) the corresponding

eigenspaces . El
, ..., Ep are his indp as

subspaces. Let up be a
basis of EK.

B = U.Bi is a low indp list of
rectors inV.

# of rectors inBle
Il

By assumption,
dimEx = multiplicity of i :

Sun of multiplicities = n
, so us has n = dimu

rectors in it. It's a basis (of eigenvectors),

So A is diagonalizable. A



Ea = (d ?)

at1'
*

*x) = 11 -x2-16

= x2-
2x - 15 = (x - 5)(x+3)

Two eignals => X
,
= 5,2 = -3

A- 5= = () = (2)
Re : (2) + ( :) + (0 *)

(*) ,
xEIR - her is spanned by

eigennefer

- (i) ( :)A+31 =

- (t)



D = (2) ,

s = (2 +2)

A = (vi) = (2) _
)(ii) (2)

: A non-diagonalizable matrix

A = (i)
p(x) = (1 -x)" = 0 =X = 1 (multiplicity)

dim leer (A - 11) =

so dim Leigenspace Pr X = 1) # multiplicity
of X = 1



Ex: Complex eigenvales
A = ( ? ) .

p(x) = det(**x) = (1 -x)* +2=

=> X = 1 12:

A - (1 + zi) = (22i)
- (i) is an eigrector

If Av=1v
,

then Av=V
=v=

Av= v
.

So for X = 1-2i
,
( _:) is an eig.

rec .

A = (iii)(i)(ii)



okmatea metrix into blocks

7)(
All blocks in a ww

have same # of now,( All blocks in a col

have same # of

cols.

Let A be square ((x()

+ () =m
cofactor expansion along col

det( * ) =Hi
.
I det



Block matrices

motico
, primarbemultipliedlikeon

a

· (f)(H)
The observation is met-(1)

=(-)(1) + m ())

(5) = (2)(* :)

=> det (AB, ) = detA def C



det() ) - x [n) A ,
B square

= det (A -xFr) cht (B - xF, )k+1= 2

B
--
--

Now

suppose
v,, ...,

ve is a basis of V
,
and that

the first 1 rectors, , . ..,
we are eigenvectors

of A: V+V corresponding to an eigenvale **

(i . e.
, ,

. . .,
+le (A-X

*I))
.

Then

[A]Big = (
*Fr # (O B

BEMn-1
,

n -1

The characteristic poly of A has the form

p(x) = (*-X((X) , g
= polynomial

=> the multiplicity of R is at least as

large as dimber (A-**1).

=> dimber (A-X
*1) < multiplicity of **



Ex End all square
nots of

A = (35)
(i)(52) = Carb abt

det A-xI
= def (5)= ( -xx +

3

=2
-
5) + 6

= (x- 3)(X -2)

(a-s-( -3)-= (t)

(2) (s)i

A = (ii)(ii)(ii)
= (=)(2)(p +"

)



B = (= )(=%)(ii)
four possible square

roots

B = (Er Ew)] (
ISE 1252

IIE #22

= & (
135 IBE

I2E = 35


