
Invertibility and Equations-
Thms Let A

:X-Y be linear
.

Then A

-

is invertible if
and only if fo any

5Y

the eyu Ax-to
has a unique

solution zeX.

(E) Suppose
A invertible · X = A 5 solves

A :5
· suppose

&, also solves
th egu (AE

= 5).

Then

AA = A 5

=
,
= .

soln WijeY .

(E) suppose
A = J

has a unique

all the unique
coln associated to y Bly)+X.

B is a function B :Y-X .

We check that

Ther

B is linear .
Let y ,JeeY,

-
,BeF .

h+ E
,

= Bly) ,
E = B(y) ·



A (0x,
+ BE) = dAY

,
+ BAEz

= dy, + Byz .

so d +Bin is the unique
solution

B(&Y +B), i. e. B is linear

Now ,
let EeX, = As . By din,

= By. So

BAE = B(j) = E .

=> BA = IX

Now letyeY ,
set E= By , so that =Ax . Then

ABy = A = y .

= AB = Iy .

It

Conolay : An mxn
matix is invertible it and only

-

if its columns from a basic for IFM /RMac)(



subspaces-

A subspace VoCV of V is a monempty
-

subset of V st.

(1) SutbueVo
FreVo,Belf

i. e. A subspace is a subset of V
that is also

a restor space
wh the same

addition and scaling.

Condition (1) ensures
this

examples :

1) the trivial subspaces

So3t a subspace

2) A:V->W linear

the mespace
(or lanel)

of A definedb a

Null

KerA = & + V : Au = 83

why is this a subspace?



3) A.v-w
knear

The range (o image
of A)

Rau A = Sie W : vide fo sore Jev3

4) Given a list of
restors, . . .,

EeeV
,
its

an 25 ,
E

, ...,
Fr) is the set

2(,y . .

.,
) = Giv +...

+ M
: Celt Vi

= 1
, ...,23

i .e .
the collection of all possible

linear combinations

If A is a
matrix (i . e .

A:REMIRV) ,

then Rand is simply the span
of the

columnsa, , ...,
an



~Systems
of Linear Equs

m equations ,
n
unknowns +

, ..., Yo

a
,,,

x
, + -- - + a

,nXn = b
,

↓& 92, x, . . .. + 92,
nXn = by (x)

:

am,,
X ,

+ -. + Am
,
nXn = Im

= (2) ,

5 : (i)
A=S

am
,

am
, 2

Then (*) becomes Ax =

5

.

Solving () is then equivalent to finding all

= str A
:
5

.



Another way
to write (* ) is

x,, + ...
+ van =

3

where,
is the k-the col of A

(al= a&
Everything about the system is contained in

the augmented matrix
-

a
,19 ,2 ... 9

,n
b,

Az Suz ...

ana(
am, am--am

, w

I
bu
(i

Roperationchange : interchange two rows of the matrix

2) Scaling: sealing a now by a monzen
scale

3) Row replacement : replace k-throw by
its sum

with a multiple of the juth now for 12,

of our choosing

clear that I and 2) don't
alter the set of solutions



For 3) : If we apply a type 3 operation , any

I that satisfies the old system
will satisfy J

the new system.

Operation 3 is reversible ;

rowk + - /rowj)-> nowl

ca
be reversed by I
rowk-a(rowj) -> now k.

tells usSold ? Snow

using same argument or reverse op .
1
Snew ? Sold

=> Snew : Sold

If we use Ax : 5 form of the system ,
we can

express
these now ops as matrix multiplication

O: -): ..... !

O

( =:
E

,

· +o ....,
-

multiplication on left by this
matrix exchanges

now j and now k



Evi=1-1) ,) sales It on by

Evi(0) add acroa

to now 12

....

E
, ()=e..+...-... i

same except now X;
and Xie

are swapped.

Since E ,
does this to each column

,

E, A

exchanges vows jadk in A -

S

E (5) = f) 1 "(i):
-



Each of these three motices is inventible.

E
,

is its own inverse

Ent is
obturned by replacing

a
witha

Est is obtained by replacing
a with -a

If E is one these special matrices

Af =
5= EAR = EJ

(=>) clear

(E) multiply by
E

So we se row ops
don't change set

of solius.



pow
reduction
-

The main step :

-

a) End leftmost monzen
column

6) if necessary , apply row exchanges
nonzero

to make first entry of this
col

(an
als
a

-

This entry will be
called a pirot make pivot(

entries = I

3) "Will" (make = 0) all nonzer nicte
below the pinot by adding an appry

multiple of first now to rows 2
,

3, ...,
m.

Apply main step to motix
A

,
then "forget"

the firstrow; it is now "frozen . Apply main

step to remaining
rows.

Process terminates offer
Im main steps.



Eg. E
*1 + 2x2 + 343 = /

3x, + 2x2 + 43
= 7

2x, + xz + 2xz = /

&

(ii)
->
-> (ii)
- (i)
So Xy = -2

=> xz + 2)2) = - 1 =2xz = 3

= x
,

+ 2 . 3 + b)-2) = 1 => X
,

= 1 .



= = (a)
Instead of back substitution ,

can do now
reduction

backwards to clear entries above diagonal

12 al

·

oi) - (i)(o I
->S(

Def .. A matrix is in echelin from if it
satisfies :

-

i All new rows are of the
bottom

In aworsen now
,
call the leftmost

monew entry

leading entry.the-

2) For amonzen
now

,
the leading entry

is strictly to the right
of leading entry

in now above
inschele form)

The leading entry of
each now " is called a

pivot These are exactly the same pivots
-

as above.



·
now

reduction yields echelor
form

reduced echelo form
-backward now

reduction yields CRREF(

E
3. All pivot entries

are I

4. All entries
above a pivot are 0.

example If RREF-

g) Xenables
O 00 0

-
A 4

solution is
easy

to read off once in RREF

* +2x2 = 1

& Yz + 5xy = 2

X5 = 3



more non-pivot variables to
one side

x, = 1 - 2x2

E X
z

= 2 - 5Xy
Xi = 3

A = b has solution
1 - 2x2

=

=
= ()+()( *y (

+ (i)
x2 ,

Xy EIR

X2 and Xy are free variables

any
choiceien yields a

valid colin,

and any solution
is obtached in this way.

This always works : any pirot enty
is

- a

prot in that now ,
so

the only be written

pirt
variable can always

Reelnonpirot
variables.

in terms of the



2x1 - 2x2 - xy + bxy -2x5 = 1

Eg.

SX
,

- Xz +x3 + 2xy - X5 = 2

4x
,

- 4x2 +5xy + 7xy- x+= 6

2
~

-16 -21

↳(iii)
S

(1
+

2 - 2 -16...)
d

)
&

=)



+
3)·) ret

- I

)
-

23
-

mol,



Analyzing the pirots-
B Ax= 5 is

consistent if it
has a solin,

-

existent otherwise
.

A system
is
inconsistent iff there is a

prot in the
last col of

the EF
of

the augmented matrix (i
. e. EF has arow

100 ... o(b) ,
b+0)

PF : 1

Pup:
Consider a system

Ax =

5

.

1) A solin (if
it exists) is unique

if

there are no free variables

2) Ax=b is consistent for all
b ift

-

EF ofA has a pirot
in every

now

solin for each 5

3) Ai = 5
has a unique

if Ef of
A has a prot

in every
col and now.



It (1) isimmediate,since ne he
rus

seai

*

T
-> S·

"pushedzwasdona
(2) If A has a piot in every

ow,

-

then the augmented matrix
will not

have a pinot in lest col, so solin exists

Y =

-
AI

Converses Suppor the echelor form He of A has

a zer0 now.

AerEzE,
A

E

ifHe has a O now
,
then the last now

must also be 0.



so set b = (ii)
Then Aer = b is

inconsistent

=> E'Ac E = E-5 is
inconsistent

D why?

Aside : If AE = 5 ,
then EAx = Es

-

If E is invertible ,
then converse

is true :

EA =
E5 = AE :

5
.

(3) follows from 117 + (2). A

Thei The reduced echelon
form of a

matrix A

-

is unique .

12 and S are
both RREF matrices

Pfi Suppose
of A and R*S .

Find the first
column (R)

differ .
Form the matix RI

where R and S

by taking 12-th col of R and every pivot

col to the left of it. Form sl from

similarly



For example if

R= (0),::)↑
then

R = (03) ,
(*)

In general,
r = (()()

if pivot

= (tot
R' and s are now equivalent, since deleting

columns doesn't affect now equivalence.

Also ,

RES !

View RI and I' as augmented motices.

Rand &I have the same set
of solutions since

they
are now equivalent-

S either
i'=s' or they're both

inconsistent.

In either case
,
R = S'

,

which is a
enterdiction.

17



Rank :
In echelon form, any now or col has

-

at most one pivot .

3
.

1 Corollanes about bearnelepeoluce ,
bases

-
Pup: Let F, ...,Fr EIRY ,

and let

A =CV ,, . . ..
En] be an

uxm
matix

Then
with cols vi ,

i = 1, . .

.,
m

(1), , ...
im are lin help if

echelor from
col

of A has a prot in every

(2)
, , . . .

Em Spana
IRV if echelen

Form

has pirt in each now

(3) F, ...,
Fi is a basis for IRL ifF

EF of A

has a pint in each
col and each now.

#:, . . .
vi EIR" are LI iff

-
x

,
v

,
+... + XmVm = T

has only one solution ,
X

,
= 22 =...

= Xm = 0
.

i.e .

As =
% has the unique solution I = 0

.

This happens
iff A has a pirot in every

cl . (1)



(2) W
, ,

. . .,
vm Spans IR"iff

X,, + ... + XmVm =J

has a solln for every BERV

This happens iff A has a pinot on every

now.

(3) Combine (1) and (2) . I
-

Ep : Any liv indp
m cannot

have more than n
rectors in it.

A = ( ,, . ..,m) nxm
matrix

Then A bes a pinot in each col.

If my n
,
this is not possible . (Pigeonholeeph) #

Ep: Any foo bases of V have the same

number of
rectors in them.

if: Let v
, ...,

Un and w
, ...,
hi be bases

-

of V. For the sake of concreteness , suppose
n = m.

A : IF"->V defined by
The map

↑(ER) = Ye
,

K : 1
, ...,

n

is an isomorphism.



A :V-/h is also an isomorphism , so

AE
, ...,

A w is a basis.

So men. => M = n . I

Def- This number is called the
dimension of
-

-

V -

Ru: Any basis
of 12h has

exactlyn recture in it.

Put Any spanning
set in Rh must

here at

leasta rectors.

PE Let F, . . .,
Im Span

Rh The

(
A = ( ,, .

-
.,m

has a pinot in every
now. ie .

it he

n pints. >
nam. A

Revisit RREF uniqueness pf Acols

(i) (oh)-12

deleting cols can
break echelor form,

but deleting last col
is fine.



:A nativisinvertibleifits
echaal

If we're seen
Ax = 5 has

a migue solv

for each 5 iff
echelon form of A has a

put in each now
and col

OTOH A is invertible
ift A=

5 has

migue sol
fr each 5 .

E

Cor An invertible matix must be square
.

#3.8 If
A luxu) is

left inv,

or right inv ,
then it is

invertible.

Pf: A inw
>Ax =5 unique

solin for each to

-

El A has pivot in each now
,
each col

Suppose A
left inv .

Then Az=o tas

% as its only solution (BA* = B5=* = 5) .

A-nxn ,

fee van eachleas
ta is metalSo no



Let 5HR" . Suppor Ad
= I

.

Let E = C5 ·

Ax = AC5 = 15 = 5

So Ax = 5 always has solin I
= 15.

So A has a pint in every cul . It

A bettea
requent

if now ops can
transform
~

the into the other
.

I write ArB) .

A:-E
obs: Any invertible matix

A is now eg.

to In



#ithmtocompleA lif
A is isa

(A)In)
perform now ops

to reduce
A toIn

↓

(Fn(a-

why? Ax = 5 has solution
= Alb if A

-
is inve

Note AEe is
the k-th

col of At

So Rath col
of At is

the solution
to

A: Ex. The above algorithm
then

solves Ax = E for each K= 1
, ...,

n simultaneously.



Anher way :

Let EFEN ...
EnE ,

be the now ops taking A to I

i .e .
EA = Fr .

Then E
= A

,
so
that EIn = A!

So E(Al =) = (In (A+ ) .

it

The A invertible= A = EN ...
EzEl ,

-

each E :
elementary.
I E = A

,
so A = El

A = E, E. ...
EN

.
I



Dimension , Finite
dimensional space
-

-

is free-dimensional if
Def: A nector space

it
has a frite basis.

Ry A neater space
V is Fid .

iff it has

a
Quite spanning

set.

% IfI
has basis

F
, ...,
i

,

then

A : V-1" (or (FY)

Au =Er
,
K = 1, . . .,

n

is an isomorphism.

5.
2 Any LI

list in a fars V

has no more than
dimV restors in it.

E

It Let 1 ,
. ..
Em be VE . Let A :V+RY

Then At, ...,
Ava is LE in IR2 =men .

A
71

dieW



RAyGum einfaa

I Let, . . .,
in EV spar

V .

A : V+ IRViso .

The
At
, ...,
Avi Spans

IRV
,

so min=dimV. I

Completing on LE system
to a

basis

-

#sit An LI list
of rectors, ,

. .

.,
EreV = Fors

can be completed to a
basis.

If: notnedimV .

Take some Voy Espand, ...,r3.

them -1
, ...,

Vr
, Vry

is LI . (why?

If still not spanning,
And some ver

,
etc.

LI list

Process will terminate since an

can't have more than n =dim V reators. #



Them 5 .
5 Let VEW

be a subspace.
⑨ -

w-fes.

Then V is fol and dim VedimW.

moreover ,
if dimV = dimW

,
then V=W.

if : If v = &03 ,
done.

-

otherwiseti be a
nonzer

rector in V.

If this doesn't span
V

,
Fond v2 Espan (v, ).

Continue percess
:

at each step ,
list is lim . indp ↑

Eventually must stop , since ligh of list at dimW.

Can't keep finding
restors not in span (v,...,

ve)).

Result is
V
,...,

vm= Spanning ,
LF . I



-neralsoluther systems

Def AF = 5 is homogeneous if
5 = 0

.

-

i. e .
the system is of the form AE = 8.

associated homiguens system
For A= 5

,

the-

is A = 0

thubSuppose
sata Ax=5

(A :v+w)

H =[x + V : A = 03

Then the set

*, + H : = G+ Er : =n +H}

is theat of all solns to Ax =

5

.

General
)blu GeneralParticua== Sol'u

of A = 8

If suppose X.
is st .

At
.

=5 . Supposed is s.t.

Af= : .

Then

A(, +(a) = Az,
+ Au = Ay

,
=3 .

So I+ H I all solus to
Ax =5 .



Suppor Ax =5
.

Sete:= - -*

Ax =
A(x -Y

, ) = AE -A = 5 -
5 = 0

.

So En EH .
So anycoln of

A : 5 can

be written as E =*, + Ye ,
wh YeeH. I

5
A

14
I

·[
s - Se = (i) + x(y) + x(i) ,xx-mm]
Suppose we were

handed thisthtir and

asked to check if it solves
the system .

Can check that (i) volves Ax=5.

check that () , (2) each satisfy
Ax =

5

.

This would show each XES solves Ax-5.



s = = = (i) + s(i) + + (i) +++]E
Can also show each ES

salves Ax =

5

.

reduction
Are these all

of the solius ? Row

-

wouldn't had you
to this formula.

Need more theory to prove
this gives

all

solutions .



Endefulsubspaces of a matex

A:V- linear

Kend = Null A := SEV : Au = :3V

Rand := Shew :
west for one rev3CW

In other words
,

Kent is theat of solution,

to the homogeneous eyn A
= 8.

Ran A is the set of 5 Do which
Ax = 5 is

consistent.

Let A men
matrix (ie.

A :F-IF") .

Anyio exact
can be written as a linear

combination of the cols of A .

So Rent is

(when A
: /F"-xFY)

sometimes called the
umn space
colA

can also define Rau AT and Ker AT -

-
um

left millspaceNowspace -

Rau A ,
kerA ,

Rau AT ,
Kor AT

-
"the fundamental subspace ,

"



&

f: Let A = mxn
.

rank Air dim (ParA) .

petingFund · spaces
and rank

Let of be a
mativ

,
Ae its echelor form

Thm : I .

The pivot cols of A gives
a basis for Ron A

-

2 . The pivot wos
of Ae gives

a
basis for Randt.

3. A basis for kenot can be hand by solving

Ax = 0 .

o of -3 -1
· (ii)+7-

2

(of o 2
O

= o o 00

A Ae

The pivotcolumns(i) from a basis fora
(ranA)

in

pre
the nor space

inAt



To compute her A
, compte Are

Are=Dis)0008
E

X2 Y Xy

Y2
,
X2

,45 free

x, = - xz- X,

xz = - xy - tX5

~=(
= x() + x()+(i)
↓
form a basis fo her A

no chortcut for fiding kerdt; need to solve
A = 0



· why does this always give a basis for kard?

After solving A = 0

fries

= (i)
one en witter

fre,othea free
vars

To make free entiesO ,

need to set correspondy

free var
to 0 . 1.e

. the rectors obterived are

liv indp.
This list of rectors also spans

ker of it's a complete description
for solutions

of A= %). So we have a basis for krA.

· Pivot cols give
basis for roun :

Notice : pivot cols of
Are give a basis

for Ran Ae . Why?

Row ops are
invertible

EA = E(a,
. . . an) = (E, ... Ea)

Einv,
so E preserves

linear independence
=> pinot cols of A and him indp-

Are = EA
,

E invertible

Let t
, , ...,

fr be the phot cols of A.

Let be any other
col of A.



There are scalars In sit.

EF =Ev+... + d Evr . Why?

= F = G
,
v

,
+... +Metr

So pirot cols spac
Remo .

· Ran AT Crow space

·
the pist nows of Ae are lin inde

w,!
wz S I (wo

~
n
08

Let w
, , ...,

wr be the pirot news of de.

Consider
,
w

,
+ .. - + &Wr = 0 .

SiEIR

& must be 0.2 must be 0
,
and so on

· pinot nows Span
Re AT

daims now ops
do not change now space

For a map
ot and a

set Xe domain
At define

A(x) := [A(x) : x e X3

"the image
of X under A

" ⑧
A(X)



Ae = EA ,
E mym

,

invertible

Ran Ae = Ran ((EALT)
= Ran (ATET) = AT (Ran ET)

Fly?

= AT (m)= Ran At .
it

⑧F
g(x) gof (x)

[f(g()) : x = X 3
11

[ f(y) = y = g(x)3



TheT1 (Rankthm)

rank A = rank AT

"col rank = now
rank"

It rank A : # pivots in A

rank AT = # pints in A .
A

-m2.
2 (Ranh-nullity them

Let A E Muxn (i . e . A : IF"->M,
linear) .

The

&) dimkerA + dim Pan A
= n /dimension of don)

Crink Al

2) dim KerAl + rank A = m

If: dimber = # of
the vars

rank A = # of pivots

# free vars) + (#pivits) = #cols = n
.

part (ispart( applied
to tis



14 - 9

& 11 - 3 (· :
23
= (ii)11 S 2

A b

We saw that

= (2) + , () + + (i),a
-

satisfies AE =

5

. Thethese allsolns ?

there two reators lie in kers
,

are lin inde
(why?

Perform one iteration of "main step" in now red :

11 - 3

S ji + n 3(obtain 000 1 -2

o o 01 -2

already 3 pivots ,
so rank A33 (con see

it's equal 3
,
but don't need to lenvw that) .

rank A + dimler a = 5 - rankeA - 3

=> dimlearo = 5-rank A

< 2 .



soket contains no more than 2 lin inde
.

we found 2 line indp rectors in her o,

so we have a basis on our hands.

thm 7 . 3 Az Muxn.
-

()

The Ax = 5 has a solute De each seem

if ATE = O has only the trivial solution
(2)

Pf - Statement (1) ES A has pirst in each now

-

(i. e .

rankA =m) .

At is nxm.

Statement (2)

#) A has a pirot in each col (i . e . m pints).

So (17 and (2) are both equivalent to

saying
A hasmn pivots. A



Icompletion
of an LI list for a basis

The proof for being able
to complete a LI

list to a basis doesn't provide a practical

algorithm to construct the basis.

Notice : if Are Mose is in
reduced ech .

Form
,

thenthenonzer rows can be completed to a basis

of IR".
dddo of

e.g. Are - insert treI
new nows

here

* * 00 * 0X
&

(1 ,
00

, 00 &
if R-th col is not a prot col ,

then

add E after now #K-1 .

The new
matix

is in echelon form.



i . e. can complete rows to a basis ofRh

by adding standard besis rectors in right spots.

Clim: the same rectors that complete rows of
-

Are to a
basis also complete the rows

of A to a basis.

suppose
v, va

, ...,
ve LE in 112

A = (i) inthe now of a

is V:

fir
complete rows of Are to basis by adding
Vre, ...,

Un o

- (



Let Are be Are with vert, ...,nT

added as rows.

Are =
EA

,
E = product if elementary

matrices

# : E'Fe
,

so
A invertible

↓I

~
f form basisinv inv

of IR?



8. Matrix of a linear map enhanced
-

Change of words

· For A : IR"-tR
*
linear

,
the matrix [A]

and

A itself were
viewed as the same

· For A :V-w ,
must be

careful

general

Let V be a
rector space ,

B = 55, . . . . ,
bon3

basis for V.

For each VEV ,
there is a ninue

n-temple of numbers (X, ...,Xu) 3 .
I

v= x,
b+... + xibu = Ex

(X, , ...,Xu) are called the coordinates-

Er wrt B.

E := () (e
wordinate reafor
--

N: the map 81 [VJGg is an isomorphism



In feet
,
it is the unique isomorphism s.t.

C : V -1"

C (bi) = Ei
,
i= , . . .,

n
.

Def Let T : v -w linear
-

A: Sa, ...,
an3 basis for ~

B = 55, ...,
Bm3 basis for W

The matix ofT not A ,
B is the

matrix [T]rt whose k-th col is

[T,]e

Letev
.
v=Je,

+ ... + [St
,
nan

=t,
i

T= =[Ta

[T] y = /die ,
i
Tain]

is



=Ta

= [T]t[t .

St

suppose
T:X-cY ,

In : Y - 1 E linear maps

t
,
B

,
2 bess for X

,
Y

,
z resp.

A: Sa, . . . , 92]

[Tre = Ginter [i]
so i-th col of ThT,

is exactly

[Tz]ep times (T,ai]pot
II

i-th col of [T, JBA

=ser = Enter (Tibot)(x)



-Chapatworda, ..., be 3 bases of V

Let I
: V -> V be the identify.

[FJBE is not necessarily the identity
matrix

.

if B =A
,
then it is

,

but otherwise
no

[F]BA
takes a

reator in A word, and

produces courds in
B.

EIbast has Carbo as its
-th col

86 [Ibpl = (ESAB)"(apply * (

-standardbeside
B = S, ...,

b
,3

[I]ses ->
reterol is [I5r]s=

[5m]
,

= bk
[F]sB is the matrix B = [5, . . .

.
5n]



[FJ
Bs

=
B

+

·s .
B = &(i), ( 2 )3

[Ebsos = (2
?)

The rector (h) AIR2 has
coordinates

(1 ,
0) not B

SELc(j) = 1 (i) + 0) ? ) = (2)
standard

rector urt

In IR" ,
the coordinates of any

basis are just the
entries of the rector

itself

[F]ps = [F)sis= (h -)

- (i = )(i) = = ((z) + (2)
= (i)

:... (i) = = (2) + 5(? ) .



Ex: IP
,

A= 51 ,
1 +x 3

,

B = (1 + zx
,

1 - 2x3

S = 51 ,x3

↓ compute [F]Bt ,

use [i]t = [F]s[Fst

[Ibse = (6) =A (?)
+

[I]so = (22)= = (2)
a
+

= (ii) ,
B=( -

i(
[F]ut = [Flos [F]st = BA = + (2 !)(ji)
<= (12 = A B = (0

- 1) (2 =2)



Ex V= S = (1 ,
x

,
x2

, x33

T : 13 -> 1P3 I xx2 x

O
O

T(p) = pl

T(1) = 0 E
+ (x)= 1

↑ (x2) = 2x

T(x2) = 3x2

Let p(x) = an + a,x + a2x2 +a

<p = (a)
[+(p)]s = Stss(p)s = (i)

&=Ca atnax + saxo
a

larT ? Rent?



Matrix of a
transformation and change of words
-

T : V - W hear

A
,
t bases of

V

13
,
3 bases

of W

·Eas (these
T : V-W Sobe : V-IR"iso

A B

R : = [ · Jo :->IR
*

is

ROTOS" : IR"- IR"

i.e .
RTS" is an men

matrix

"A

Rank thu
dim kerat

+ dim Ran A = n

F

Note :
T : V + W

,
S : n+

Then ker TEKer TS

ran T E ran TS



not v
, ...,Vr

be a
basi for Kent.

S,
...,
S'vr each lie in KertS

They are in indp
.

Letu- krTS .

Then TSn =
E

T(su) = 0

Suckert. Su = &, v + --
+ Ori

n= 0
,
stv,

+... +drsve

ne span
& SviZi = 1

, ..,

Do similar thing for range
Lunchunche die ker A

= dien HerT

din vanT = dim Ron A .

So rank-mullitythr
works An general

T:V -W,
wir fides



A: S, ...,
anY T : V-V linear

&TAt same
basis for "inputs" and "outputs

B : 55 ,
,

. ..,
ju3 another basis

[T]BB = [IJBt(TIAA[I]AB

Q : = [I]AB

[T]B=+TAtQ

DefAmatixA lar
mia

A = Q -BQ .

Note: similarity is an equivalence relation.

1) A is similar to itself

2) A sim B
= B sim A

c) A sim B ,
B im (

=> A sin C

Similar matices can be thought of as
different

matrix representations of the same operator +.




