
Bef The dot product of x ,y
erV is

xT y = x, y ,
+... +xnym

(x- y)
this is an example of

an

inner product
· xTy = yix
(x+ y)

+
z = x

+
z + yTz

(*)y = c(fTj)

· Xxer"
,
xx0 .

x
+
x = 0 ( )x = 8

.

BefThe length a norm
of FEIR" is

-

Hell =x

Def the distance
between E ,JER" is

d(x,y) = 115 -j/)

Bef: Awirestor is a
rector -s.t

.

Kill = 1.

Not is always a mit refor (***).



orthogonal perpendicular ifDe E,--

xTy = 0 .

TB
-

Ey 8

x
and y are perpendicular if

(ly+xl) = (y -x)

((y +x)(y+x) = (y -x) (y -x)

=> y y+ 2xy +xx =yy - 2xTy-x

# Yxy = 0>XTy = 0
.

Note:TX = 0 VE
, so O is uthogonal to

-

every rector.



Def : Let
WEIRh be acubspace .

The o hogonal
-

lement of W is

Comp
w

=
= Gve/v)vw = 0 fwWY

not is a subspace of R?

B Amatrix .

Let W= Rand (colAl . Then

w
+

= kr (AT).

:
A = (v ,

. .

.m)
Note that x is perpendiculer to wiff

its prpendicular to a spanning list
of W.

At =(
iff X / vi

= () An each Vi

i = 1, ...,
m.
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Pap: Let WSIR" be a subspace.

Then dim W + dim w+ = n
.

Pf : Let v
, , ...,

I'm
be a

basic De W.

-

Let A
= (v, .

..m).

So Ran A = W.

Rank-nullity= dim Ran AT + dim KarAT
= n

-

rankdimizat
tum

=> dimw-dim + = n
.

A

↑p: (w
+)+ = W

.

IfNew ,
and yet , the xty

= o
,

so

x elut)+,
so
we.

dim+dimbt

dim WT + dim (W
+ )

+
= n

= u

dim (w+)+= n-dimw
+

= dim W

So w is a full-dimension subspace of (W
+It

I



ThCorthogonal decompositiv(

Let no be a subspace of IRM .

Let xEIRY

Thena can
be wither miguely as

X =X + Xut ,
where XwEW

,Xw
+ E Wt .

-
athogonali . e .

W
,
not is a basis of subspaces fr IRY

decomp .

If lin inde :

-

+ = =
,

new
,
vewt-

Suppose
Ther i =

-v e w+

so
ment and new
.

=>mn = 0 = u = 0 = V=
0 .

spanning :

-

Let V, , ....Van be a
basis of

W .

Vu+ 1 , ..., Un basic of
+

Then V ,
12
, ...,

Un are livindp ,
so

they form a basis fuR" Any I can be witter

2 = <
,
v

,
+ ...

+ CuVm +Cu+me
+... + CnVn

--

Eur -wt
Il



Ran (A)"= Ker (A*)

Ran (AT)
+

= Ker (A)

Ran (AT) = Ker (A)
+ !

Ran (A) = Ker (AT)
+

Thm: A = mxn .
W = Ran(A)

,
XIR

Then

Ac = AE(x)

is consistent in a
,
and xw =

As for any solin
c.

Pf .. net x= Xw + Xo+ be the othogonal decomp-
-

XeRan(A) by definition ,
no
Ac = Xu Fr

some I

X- XwE Ran (A)
+

= w
+

= lar (AT) , so

AT (x- xw) =
0

AT(X - Ac) = 0

-1 AA = AE .
-

so (* ) is consistent.

And if a satisfies (*) then
x-ACEW+,

so

At = Xo by uniqueness. It



Ex: (projection into a line

If L= span (u)
.

HERV
is
(x1 (a

scalar)

· nu=ux-x
· =
-

n- U

S X= c==
= (n.x)Full

Rp: Let W be a subspace of IR
? Define

T: IR" -TIR" by TCx) = Xw .

Then

1 .

T is linear

2. T(x) = X () XeW

3. T(x) = 0)xewt

4
.
TOT = T

5. RanT =W.

Pf 1)+ X
,yeRY .

x= Xw + Xw+

,
y

= Yo + yut

x+ y
= (w + yw) + (xn+ +yw+)

↓

↓ wi
↓



So + (xty) = Xw + yw

similar for scaling

2) If x W
,
then x = x + 0

i +

Xw = X => T(x) = X

If T(x) = X
,

then Xw = X
,

So Xo+ = 0

=>>
XeW .

3) If T(x) = 0
,
then X = Of Xw+

+

so Xe wt ·

If xewt, then
X = + X => T(x)= 0

.

Yet
W

4) X = X w + X w+ T(x) = Xw

2

Xw = Xw + 0
↓

= +(x) = + (Xw) = Xw
.

W w
+

=To T = T .

5) T(x) EW EXER"
,

so RanT
&W .

↑ (x1 = X for any
X- W ,

so RanT = W
.



muchy.Schwa (iYx,y
+IR"

If: If y
= 0

,
done . Sypos y

* 8.

T

telr : 01/15-tyll
2

= (x - ty)(x - + y)
-

=11x1- 2t(xTy) + t (lyl)2
This is a graduatic in -

minimized at

t=
=> 01x11-2

=> 0 = 11x11"(lyll - (xTy|

=> (xTy)2 = 1(x111)y1/2
=> (xy) = Kulllyll .

It



=> ((x +yll = 1x1l + 11yl) .

It

Pythagorean turn

↑ If
xiy

= 0 ( ,yothogonall ,
the

N

1(x + y||
2

= ((x|| + 1/y/12 .

PE ((x + y112= 1x112+1y11 + 2xTy

x
+

y
= 0 . M



Tha let no be a subspace of 1122
,
let XIRV

-

The pet in w closest to W is Xw

i. e . 11 x-yll 311X-Xoll Ey
=W.

And if Ix-yl) = /X-Xwll
,
then y

= Xw
.

x

P x- y
=ExoticyEnt Ew

So 11x-yll= 1x-Xwlk
+ 11xw - y()2

-> IIx-Xw/l2

And if 11x-yl) = 1x-Xoll , we see 11 xw-yll = 0
,

so Xw= Y . A

Let X,yeR , yo .

Let W = spanly) Not
To =Y Kigw

11Xw+ 11= 1)x - x-17

= 11x-yll2
= (x-y)"(x-2)T



= 1x112- xig +Ely
= 11x112-

=>She
s

Propthiougleinequiex + 11y11
-

4 (kx +y = (x +y)(x +y)

= 11x11 + 2xTy + 1(y)12

= 11x112 + 2(x
+

y | + 1(y))2

as= 11x12 +21xIyl) + 11 y112

= (1x() + 11y()) ? I



Least Squares-
Af =5 inconsistent .

Closest solution? I

Want tominimize

Find st. 1lb-All
F1lb-Ax1) ,

i. e.

is small as possible. W = Ran A

Orthogonal decomp
does this !

A = (v,v) = ()
-

↓bulA
w = Span

(v.,wa)



2 A letsquares
soliz to Ax = b is

one that minimizes
116-AxII

solutions to Ax=
b

Thm: The least-squares
-

are the solutions
of

A
+
Ax = A

+ b
.

soln comes
from solving

If least squares

Ax = balA ,

(ie .
Setting We

colA,

"WeA = br) .

If satisfies

ATA = ATb
,
then

Ax = bw .

I

EX : Ax= b
,
A = (ii) ,

b : 1).
-

This is inconsistent.

a
+
A = (iii)([j) = (3)

A
+3 = (iii)( : ) = (

%

)



(53) ; )+ (: i(j)
i = (E)

1lb-All = (l( %) - (2))) =v F = 15.

Closest Ax can get to
b is

within

To units .

6 = m . 0 + B*l
Sanas

0 = M . 1 + B

0 = M. 2 + B

↓

: (iii) ,

x= (v)
b= (a)



We solved this ! I = (35) .

y = -3x + 5 is the line minimizing

sum
of squared errors.

Especifically,
Y minimizes 11b-AxII

And As is a
rector of -ex + 5

evaluated

at the pts 0.
1
,

2 .

(6
,

0
,
07T is the

rector of y-values we
wanted Do X = 0,

1 ,
2 esp.

Rank : Gauss invented this
method to find a

-

best-fit ellipse for an
asteroid trajectory.
(1801)



Argonalat

Def: A set of
monner

rectors En, . . ., um3

-

otrogonal if lituy = o when itj .
It is

is -

othnormal if
additionally ,

with: = 1 Fi.

tonemal .
Ex: Se, . . ., enZIR2 is on

Po An unthogonal set is
lim indp .

↳ cu , + ...

+ CmUm = 0

take dot pod of both
sides

w/ Hi gives
clui/12 = 0 = Ci = 0. A

: Suppose
Wethas an unthogonal basis

U, . . ., Um
.

Let XEIR" Then

Xw=i+...



X
*

-
(x-(, +...+um)) . uj

= X .Uj
- A u .u

= Xuj-X...

This hold, for each j .

So x
* is anthigual

to spark, ...,
um) =

W .

s x*
Wt

X =[ ; + X
Leterm must be Xw .

A

If u,, ...,
Um

,

this simplifies to

Xw= (x . u ,)4;




