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suppose
we have a column of 3 numbers

·( : )
,

(i)
,
(i)

Can view these as objects that can be added

es. (8) + (in) = (in)
Can also sale them by a single number

eg. -(ii) = (E) tins

= (E) = (2)
Noticethat additon andscalingit

a

e.g.

1. commutative()+)=+ (i
2.

associative

((:) + (i))) +() = ( :) + ((i) + (2)



3. zenit (i) + (i) = (i)

+( = (%)
5. alag, ) = ()

6. calmc()=)
(

7.

Scaling

distribute (i) + (2)) = 3(j) + >(ii)
8 . Scalinabutes
#
(+)()=()p



Vector Spaces
-

A restor space
V is a collection of objects

calledtors ,duted
in bodletteraa sett

↳ usually by numbers in IM

1) It w = i + i S

&
,BEIR

2) (i ++)+ i =
i + (v + w) ,, w eV

3) there exists a special element
-V st.+ 0 =Y for any

eV.

1) For every eV there is a
wel st.

+E = 0 .

Usually denote this
o by

v

5) It = ↓ For all veV

b) (op) = = o(pi)
2) (n +2) = du + e

8)(d +B)
V is a

real rector

It scales come
from IR , say restor spaces.

space .
Can also have complex



E1R" : collection
of all columns of size

-(
- (i) : (i)

(2) + 1) = ( (
E Ic = polynomials of degree

at most

p(t) = an + a
,
t + ... + ant

"

polynomials
can scale and add

Ex ixn matrix : an array
of numbers ,

m nows,
neels

I
a

,,19,2
... 91

, n

(A = (aj ,k) = an an
...

Ene

am, am
, z

-- . am
,
n



The transpose of A ,

devoted AT,

is formed by transforming thepows into cols

now?

%(ii) = (ii& become
cols

,

cols become

rows

(AT)j, = Al
,j

(1
,

2,
3) = (b)

Q : Bove that
JeV is unique

-

suppose
o also satisfies (3).

Then 8 = 0 +
5 by property

(3)

But+put (3)

so = 8.

I Show Of = 8 EveV.

(0 + 078 = ou + ou
=

=(07) +
08 = - (02)+08+ot

↓ H
" inverses

8 = 0 +
05

= 0 = 0=



Q : Bore that additive inverses are unique.
-

Let ,
EEV . Suppose
+w=so safile , v+ = 0 .

suppor
= + w = v + u

Gunntativity=
+ E = 0.C

(w + y)+w =( + v)+ i

8 + E = 0 +
i

=> w = i
.

I: V rector space
. YeV.

show that the additive
inverse

-t is

the same as (-1)8.

we are given
+ (5) = 0

we know 15 =

15 + (5) = 0

otol
,
18 + (1) = (1 + (1))v = 08 = 0.

Uniqueness
= (1) = -



In IR2 and IR3
,

rector addition and scaling can

be interpreted geometrically.
vectors i ,I can be represented as

arrows

n = (i)

, v = ( %)
n+ v = (i)



$1 .2 Linear combinations,
bases.

-

Vrector space .

Y
, ...,pEV, , . . ., Cp + IR

(or()
A linear combination is a sum of

-
the form

5, + -- - +5=
Definition : A system/list/collection of

rectors
-

i
, ...,
in -V is called a

basis for V
-

if every
ver can

be uniquely written as

--

v = d ,
v

,
+... + Mi

Live .
the is exactly one choice

of 4, . . .,52)

· d
, ...,

In are called coordinates of - w ir .
t.
-

- , . --

,Un

Eg.

Let V=IR

(0) ,
(i) is a

basis

to (i) =
+ (b) +

+ (i)
more generali
(3) = a(j) + b(i)



non-examples
· (), (i) , (i)

is not -
basis for

-

migueness
fails

(0) = 0() + o(i) + 0 (i)

=, (b) + 1(i) + (1)(i)
two

different sets of
sefficients can

both give
o

vecfor

· The list consisting
of just (i) is not a basic

eg.
(d) cannot be expressed as

a multiple of ( !)

#
-



IPh has a basis

Es : = 1, := t
, ...,

En := th

p(t) = 90 + a
,
7 + ... + and

"

-> p(t) = asto + ae ,
+... + are

The wordinates of plt)
w .r .

t
. See 3

me Cao
,

a
, , . . ., an

"migue"

vertingsets
,
linear independence

Bef: V
, ...,peV

is called a spanning/generating
messed

set for V If any
eV can be exy

= = -
,
5

,
+ - .. + Top

for some +
, , ...,

d
,
EF

.

· Any basis is a spanning
set.

· Adding extre reators to any
basis also yields a

spanning
set

. Why?



Chef : A not of restors-Vicelledhea-

independent-

giving t
is the trivial one. i. e .

the only
solution to

8 = 2
,
7 +.. . + app

is to set d = ...

=
p

= 0
.

·isalldependenta
there are d , , ...,t not all 0 St.

=

Aside:"Ifandou
,

"whenever Pistone, so isa

"P is sufficient for Q"
,
"A is necessary

for p"

"PolyifQ"
"Q if p"

P : It is raining

Q: There are
clouds in the sky



↑ if and my if Q means P= Q and
Q => P

they are girllyequivalent

Ro: v
, ...,V -V lin dependent if and only

if some Ve (Re51 ...., p3) is a linear combination

of the others,

Ye= Bri .

(

i+k

I: suppose
v
, ..., up

tin dependent .
The the are

scalars &.
, ...,

te not all O st

-

-,, +..

+ 5p = 0

-F =-
The divide by J. (scale by)

Now suppose (
* ) holds Do some Bj's

Then vi-Bij = 0
.

A
j=

jfk



Ob Any basis is a linearly relependent set.

why?

Bot A system
5
,
..., eV

is a
basis if

and only

if lin indp- and spanning.

P: (=) already established

(E) suppose
i

, , ...,
In are lin indp and span

V.

Let veW .

vi's span
V

, so there
are some

2.
, ...,
In EIR site

v= +... +[=
need to show that these I are unique.

suppor = F + . .. +
Turn

Than 0 = (0,-5,) + - .. + (d-)in

him indp = 5
,
-5

,
= 0, ...,

dn

-En = 0.



Prop: Any (fnite) spanning
set contains a basis.

It Suppose
v
, ...,

v
, spans

V
. If already liv indp,

done .
Otherwise , the list is linearly dependent .

So some te is a linear combination of the others.

Delefe Vie
.

If new list is lindp , good
.

otherwise ,
do this again. Eventually ,

this process

has to stop . It


